SUBNORMALITY IN w?

NoBUYUKI KEMOTO

ABSTRACT. A space X is said to be subnormal (= 6-normal) if every pair of disjoint
closed sets can be separated by disjoint Gg-sets. It is known that the product space
(w1 + 1) X wy is neither normal nor subnormal, moreover the subspace A x B of w%
is not normal whenever A and B are disjoint stationary sets in wj. We will discuss
on subnormality of subspaces of w%.

All spaces considered in this paper are regular and T7. A space X is said to be
subnormal (= d-normal) if every pair of disjoint closed sets can be separated by
disjoint Gs-sets, see [Bu] and [Ya]. It is well known that all subspaces of ordinals,
more generally all GO-spaces, are shrinking, so normal and countably paracom-
pact. But, as is well known, the product space (w1 + 1) X w; is countably paracom-
pact but not normal. Indeed, first the product space (w; + 1) X w; is the perfect
preimage of the countably paracompact space w1, so it is countably paracompact.
Second, the Pressing Down Lemma (abbreviated as PDL) shows that the diagonal
A ={{a,a) € (wp +1) Xwy : @ < wy} and the closed set {w;} X wy cannot be
separated by disjoint open sets. Moreover similarly, we can show that these two
disjoint closed subsets cannot be separated by disjoint G sets, so (w1 + 1) X wy is
not subnormal([Kr]). A space X is said to be countably subparacompact if every
countable open cover has a o-locally finite closed refinement, equivalently every
countable open cover has a countable closed refinement. Note that countable sub-
paracompactness implies subnormality, therefore (w; + 1) X w; is, strangely, not
countably subparacompact. On the other hand, it is known that all subspaces of
two ordinals are always countably metacompact([KS]) and that X = A x B is nei-
ther normal nor countably paracompact whenever A and B are disjoint stationary
sets in w1 ([KOT]). So it is natural to ask whether the above space X = A x B is
subnormal (or countably subparacompact) or not. In this paper, we will see that
all subspaces of w? are countably subparacompact, therefore subnormal.

For A C wy, put Lim(A) = {& < w1 : sup(A N«a) = a}, where supf) = —1,
Succ(A) = A\ Lim(A), Lim = Lim(w; ) and Succ = Succ(wy). Observe that Lim(A)
is closed and unbounded (cub) in w; whenever A is unbounded in wy. For a cub set
C Cwy and a € C, put po(a) = sup(C Nea). Observe that po(a) € CU{—1}, and
pe(a) = aiff @ € Lim(C), and po(«) is the immediate predecessor of o in CU{—1}
whenever a € Succ(C). It is easy to show that w1\C' = Uyesuce(c)(Pol@), @) and
w1\ Lim(C) = U, esuce(o) (Pc (@), a], where (o, 8) and (e, 5] denote the usual open
and half open, respectively, interval.
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Assume that a cub set C,, is defined for each @ € A, where A C w;. Then the
diagonal intersection AyncaCy = {f €w1 :Ya e ANB(B € Cy)} of Cy's, a € A, is
a cub set in wy (see [Ku Lemma II 6.14]).

We use the following specific notation: Let X C w?, a < w; and f < w;.
Let Vo(X) = {8 < w1 : (a,0) € X}, Hp(X) = {a < w1 : (o, 0) € X} and
A(X) ={a <w;:{(a,a) € X}. For subsets C' and D of wy, let X = X NC X wy,
XP=XnNw; xDand XE =XNC x D.

Let U be an open cover of a space X. A collection F = {F(U) : U € U} indexed
by U is said to be a shrinking (subshrinking) of U in X if F(U) C U and F(U) is
closed (F,, respectively) in X for each U € U, and F covers X. A space is said to be
shrinking (subshrinking, see [Ya]) if every open cover has a shrinking (subshrinking).
Note that countable subparacompactness is equivalent to the assertion that every
countable open cover has a subshrinking. Therefore subshrinking implies countable
subparacompactness and countable subparacompactness implies subnormality.

Theorem A. All subspaces of w? are subshrinking.
To prove this, we need several Lemmas. The following is easy.

Lemma 1. If X,, is a closed subshrinking subspace of a space X for each n € w,
then the subspace | J X,, of X is also subshrinking.

necw

So we have:

Lemma 2. a X wi and wy X « are hereditarily subshrinking for each a < wy. In
particular, for each subspace X of w3, Xi0,a) and X0l gre subshrinking clopen
subspaces of X for each a < w1.

This Lemma shows that, for each cub set C C w; and X C w?, X\ Lim(c) =
@aéSucc(C) X (pe(a),a) and X\ Lim(©) — @QGSucc(C) X (pe(@).a] are also subshrink-

ing.

Let X Cw}, Y ={{,f) e X:a<p}and Z = {{o, ) € X : @ > (}. Then
X is the union of the two closed subspaces Y and Z. So by Lemma 1, to show the
subshrinking property of X, it suffices to show that both Y and Z are subshrinking.
Since the two cases are similar, we may assume X C {({a, 3) € w? : a < 8} and we
will show X is subshrinking. The following is routine.

Lemma 3. Let G be a collection of Gs-sets of a space X. If there is a point-finite
collection U = {U(G) : G € G} of open sets with G C U(G), then |JG is also a
Ggs-set in X.

Lemma 4. Let X C {{a, 8) € wi : a < B} be such that X N C? = () for some cub
set C C wy. Then X s subshrinking.

Proof. Let B € Succ(C). Since X (c(8):P) is a countable open subspace of X and
Xg)C(ﬁ)’ﬁ] c X @c(B).p) ngcm)’m is G5 in X. Moreover since {X(pC(B)’B) : B €
Succ(C)} is a pairwise disjoint collection of open sets with XgJC(’G)’ﬁ] c Xwc(B).8),
by Lemma 3, Xo = @5681166(0) Xg)C(ﬁ)’B] is also Gs in X. Say X¢ = ,co, Var
where V,,’s are open in X. Since X, \ 1im(c) is subshrinking and X\V,, C X\ X¢ =
Xone C Xu\ Lim(c), X \Va's are closed subshrinking subspaces of X. On the other
hand, since X«1\1m(C) ig subshrinking and X¢ C X\X¢ = Xw\C  xwi\Lim(C)
X is a closed subshrinking subspace of X. Then X is covered by the countable
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collection { X }U{X\V,, : n € w} of closed subshrinking subspaces of X. Therefore
X is itself subshrinking. [

Lemma 5. Let X C {{o, ) € w}:a < B} and ag < wi. Assume that there are a
cub set D C wy with X N{{a, ) : & € D} =, an uncountable subset S of D and
a function g : S — wy such that, for each a € S,

(1) a < g(a),
(2) g(o!) < « for each o € SN a.

Then Z(oag, D, S, 9) = Unes XW(@w) o on open F, subset of X and there is a

(Oz(),a]

cub set C C wy such that X N C% C Z(aw, D, S, g).

Proof. Let Z = Z(ap, D, S, g). It is evident that Z is open in X. For each v € Lim,
fix a strictly increasing cofinal sequence {y(n) : n € w} in . For each v € Lim(S)

and n € w, let a(y) = min{a € S : v < a} and V,,(y) = X((;y(fl()aéf))]. Note that

Vn(7) is clopen in X.
Claim 1. The collection {(v, g(ca(y))] : v € Lim(S)} is pairwise disjoint.

Proof. Let v/, € Lim(S) with v/ < 7. It follows from 7 < v € Lim(S) that

there are o/,a € S with 7/ < o’ < a < 7. By the minimality of a(y’) and

a(y), we have v/ < a(?') < o < a < v < a(y). Moreover by (1), (2) and

a € S, we have v/ < a(y) < gla(?’)) < a < v < a(y) < gla(y)). Therefore
=

(s gla(y")I N (v, g(a(v))]

So note that {X9(@O] : ~ ¢ Lim(S)} is a pairwise disjoint collection of
clopen sets and V,,(y) ¢ X9 for each v € Lim(S) and n € w. Let V, =
U, cim(s) Va(7) and F, = Z\V,, for each n € w.

Claim 2. F,, is closed in X for each n € w.

Proof. Let (u,v) € X\F,. We will find a neighborhood of (i, ) disjoint from F,.
Since V,, is an open set disjoint from F,,, we may assume (u,v) ¢ ZUV,,. When
1 < ag, X[o,ae] is a neighborhood of (u,v) disjoint from F,. So let ap < p and
take the minimal v € Lim(S) with pu <. Assume p = «. Then since Lim(S) C D
and X is disjoint from {(o, ) : @ € D}, we have p = v < v. If v < g(a(y)), then

(u,v) = (y,v) € X((;Y(’fz()aw(f))] Va(y) C Vi, a contradiction. If g(a(y)) < v, then

(u,v) € X((gf)ao([?%]wl) C Z, a contradiction. Therefore we have u < v. Take the

minimal o € S with p < a. It follows from p < v € Lim(S) that 4 < o < 7. By
the minimality of v, we have a ¢ Lim(S). It follows from (u,v) ¢ Z D X((g((:gjwl)
that v < g(a). On the other hand, by the minimality of «, we have S N« C p, so
sup(S Na) < p. Assume sup(S N a) = p. Then we have SN a =S N pu. Therefore
sup(S N p) = p, so p € Lim(S). This contradicts the minimality of v and p < ~.

So we have pp = sup(S Na) < p. We will show X([0 ] Nz = (). Indeed let o € S.

If « <&/, then by v < g(a) < g(a’), we have X([u ]u] X((g(aa)/ w1) 0 Tf of < o,
then by a’ < g, we have X% 1 X0 g Finally, by F, © 7, X% s

a neighborhood of (u, v) disjoint from F),. Therefore F), is closed.
Claim 3. Z =, Fn

Proof. U, Frn C Z is evident. Let (u,v) € Z. Since Vi, = U, crim(s) Va(7) C
UveLim(S)X(%g(o‘(W))} for each n € w, we may assume (u,v) € X9 for
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some v € Lim(S). Then v < v < g(a(y)). It follows from (u,v) € Z that

(u,v) € X((gga;jwl) for some a € S, in particular, g(o) < v and p < . Assume

v < a. Then, by the minimality of a(y), we have a(vy) < «a. Therefore v <
g(a(vy)) < g(a), a contradiction. So we have a < 7. Since a < v € Lim(S) C Lim,
there is n € w with a < 7(n) < v. By u < «, we have (u,v) ¢ V,,(y). By Claim
1 and (u,v) € X9 (4 1) ¢ V,(y) for each 4/ € Lim(S) with v # ~.
Therefore we have (u,v) & V,,, so (u,v) € F,.

Finally we will find a cub set C' C w; such that X N C? C Z. For each a < w;
with ag < «, take the minimal v € S with o < v and set h(a) = g(). Then by the

definition of Z, XEZ(}Q)’M) C Z. Let C = (ap,w1) N DN Age(ag,w)(h(a),wr). Then
C is cub. Let {a,3) € X NC?. Since C C D and X N {{a,a) : « € D} = 0, we

have a < 3, so a € (ap,w1) N 3. On the other hand, by 8 € Aqye(ag,w)(h(a), wi),
we have § € (h(a),w;). Therefore by ag < «, (o, 3) € XEZ%Q)’WI) C Z, and so
XNnCc?*cz. 0O

Proof of Theorem A. Assume X C {(«a,3) € w} : o < 3}. Let U be an open cover
of X.

Case 1. A(X) ={a <w;: (o, ) € X} is stationary in w.

In this case, for each o € A(X), fix f(a) < aand U(«) € U such that X((J{((z))z]} C
U(a). By the PDL, there are oy < wy and a stationary set S C A(X) such that
f(a) = ag for each o € S. For each pair a, 8 € S, define a ~ 3 by U(«a) = U(3).
Then obviously ~ is an equivalence relation on S. For each equivalence class E in
the quotient ¥/, define U(E) = U(a) for some (equivalently, arbitrary) a € E.

Note that

(*) xleoel o U(E) for each a € E.

(O‘O,O‘}

There are two subcases to consider.

Case 1-1. There is Ey € © /~ such that Ej is unbounded in wj.

By (*), we have X ") C U(Ey). Note that X = X[g o, D X27) and X o)

is subshrinking by Lemma 2. So we can find a subshrinking H = {H(U) : U € U}
of {U N X[g,a0) : U €U} in Xy q,). For each U € U, let

(OCO,UJl) )

H(U), otherwise.

HU)u X0 if U = U(Ey),
P = { ) i (Eo)
Then F = {F(U) : U € U} is a subshrinking of ¢/ in X.

Case 1-2. E is bounded for each E € ¥/...

By induction on v < wy, we can find a strictly increasing sequence {a(vy) : v <
w1} C S and a sequence {E(y) : v < w1} C ¥/~ as follows. Assume that v < wy,
{a(®") : 4" <~} and {E(®¥') : v/ < ~} are already defined. Pick a(v) € S with
a(y) > sup(U, ., E(Y)) + v and E(y) € °/~ with a(y) € E(y). Then by the

construction, all F(vy)’s are distinct and X ((zg’z((z))}] C U(E(vy)) for each v < wy.



SUBNORMALITY IN w? 5

Let, as above, H = {H(U) : U € U} be a subshrinking of {U N Xg o, : U € U}
in X[O,ao]-
For each U € U, let

(@0,a(y)]”
H(), otherwise.

FU) = { H(U) U x(eoeOl ey = U(E(7)) for some v < wy,

Then F = {F(U) : U € U} is a subshrinking of ¢/ in X.
Case 2. A(X) is not stationary in w;.

Let A = {a < wy : Vo(X) is stationary in wy } and let D be a cub set disjoint
from A(X).

Case 2-1. A is not stationary in wy.

Let C’ be a cub set with C’ € D and C' N A = (. For each o € C’, fix a cub
set O, disjoint from V,(X). Let C = C' N Npec'Cq. Assume (o, 8) € X N C?.
It follows from C' € ¢/ C D that a < 3, s0 a € C NG C C' N B. Moreover by
B € C C Apec'Co, we have € Cq, so B ¢ V,(X). This contradicts (o, 3) € X.
Therefore X N C? = (). Then, by Lemma 4, X is subshrinking.

Case 2-2. A is stationary in wy.

Let « € AN D and 3 € V,(X). Since U is an open cover of X, fix f(«, ) < «,

g(a, ) < B and U(a,B) € U such that X((?Ea’gg B% C U(a,B). By a € D, we

have a@ < (3, so we may assume a < g(a,(). Since V,(X) is stationary and
la] < w, by applying the PDL, we can find a stationary set T, C V,(X), f(a) <
a and g(a) < w; such that f(a,8) = f(a) and a < g(a,3) = g(a) for each
B € T,. For convenience, let g(a) = 0 for each a« € w1\(AN D). Then D' =
{a < w1 Vo < a(g(ad) < a)} is cub. Since AN DN D’ is stationary, applying
the PDL again, we find a stationary set S € AN DN D" and ay < w; such
that f(a) = ag for each @« € S. Then, for each a € S and § € T,, we have

X9l U(a, 8). Now note that ag, D, S and g satisfy all assumptions of Lemma

(w0, ]

5. Let H = U ecgla} x Ty. For (o, 3'),(a,B) € H, define (o/, ') ~ (a, 3) by

U(a/,B") = U(a,B). For each equivalence class E in the quotient /., define
U(FE) =U(a,B) for some (equivalently, arbitrary) («, 8) € E. Then
(+) U xg?cum

(a,BYEE

and the U(E)’s are distinct. For each o € Sand E € /., let j(E, o) = sup V,(E),
S(E)={a€eS:j(F,a)=wi} and k(FE) =sup S(E).

Case 2-2-1. There is Ey € ¥/~ such that k(Ey) = w;.

Note that S(Ep) is unbounded in wy and S(Ey) C S C DN D’ C D. By Lemma
5, 7 = Z(ap, D, S(Ep), g) is an open F, set in X, (X\Z) N C? = () for some cub
set C and Z = Z(awo, D, S(Ev), 9) = Uases(m,) Xfiiﬁ“i’“” C Uia.pyer, X((Z(()a;]ﬁ]
U(Ep). By Lemma 4, X\Z is a closed subshrinking subspace of X. So there is a
subshrinking H = {H(U) : U e U} of {UN(X\Z) : U e U} in X\ Z.
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For each U € U, let

C(HU)UZ, iU =U(E),
F) = { H(U), otherwise.

Then F = {F(U) : U € U} is a subshrinking of ¢/ in X.
Case 2-2-2. k(E) < w; for each E € /.

There are two subcases.
Case 2-2-2-1. sup{k(E) : E€ 7 /.} = w.

In this case, by induction, we can find a strictly increasing sequence {a(y) : v <
w1} C S and a sequence {F(y) : v < w1} C ¥/~ such that sup(U, -, S(E(7))) +

v<aly) e S(E(y)) Let 8" ={a(vy) : vy <wi}. Then S’ € § C D, S’ is unbounded

in wp and X000 = Uger, . m) Xt © U(E()) for each 5 < wy.

By Lemma 5. Z = Z(a0. D.5".9) = Uyes X" = U, X0 i o

open F, set in X and (X\Z) N C? = for some cub set C. By Lemma 4, there is
a subshrinking H = {H(U) : U e U} of {UN(X\Z) : U € U} in X\Z. For each
Uecl,let

F(U) = HU)U X((Z((Jaci(%})], if U = U(E(y)) for some v < wy,
H(), otherwise.

Then F = {F(U) : U € U} is a subshrinking of ¢/ in X.
Case 2-2-2-2. sup{k(E) : E€ 7 /.} < w;.

Fix a; < wy with sup{k(E): E € #/.} + ap < a;. Note that sup V,(E) < w;
for each @« € S with a1 < aand E € H/.. Let ' = {a € S : oy < a}
and H = (J,cg{a} x T,. Consider the co-lexicographic order < on H', that is,
(',0"y < (y,0) iff &' < or (¢’ =0 and ' < =) for each (v/,d’), (v,0) € H'. Since
H c X c {{o,8) € w? : a < B}, for each (v,8) € H’', the <-initial segument
{(4/,0")y € H : (,8") < (7,9)} of (v,6) is contained in the countable set {{«, 5) €
w? 1 a < B <6} Soby |H'| = wp, the order type of the well-ordered set (H’, <)
is exactly wy. By =<-induction on H’, we will construct a strictly <-increasing
sequence {3(7,9) : {7,8) € H'} C w; and a sequence {E(v,d) : (y,0) €e H'} c H /.
such that

(1) (v, B8(7,9)) € E(v,96),

(2)  sup{J(E(",d),7): (v/,0") < (7,0)} +sup{B(7,8") : (+/,0") < (7,0)} + ¢

< 6(’775) € T’Y'

Assume that §(v/,6") and E(v/,0") have been defined for each (v/,0") < (7,9),
where (v,8) € H'. It follows from oy < v that j(E,v) < w; for each E € H /..
So, since the <-initial segment of (v, d) is countable and T, is stationary in w;, we

can find (v,d) € T, with sup{j(E(y,d"),7) : (v/,0") < (7,0)} + sup{B(v',d’) :
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(7,0") < (7,0)}+8 < B(7,9). Then take E(v,d) € '/~ with (v, B(v,0)) € E(v,0).
By the construction, members of {E(~,9) : (v,0) € H'} are distinct and

(3) {B(v,6) : 6 € T} is unbounded in w; for each v € 5"
Therefore by (3),

(9(7),w1) _ (9(7),8(7,9)]
(4) X(O‘():’Y] o U X(aofy}
seT,

Moreover by Lemma 5 and (4),

7 = Z(O-/OaD,S/,g) _ U X(g('y),wl)

(aoﬁ]
veES’
_ (9(),B(7,9)]\ _ (9(7),8(v,9)]
= U XM= U X
~yES! §€T, (v,0)€H’

is an open F, set in X and (X\Z) N C? = () for some cub set C. Note that

{X ((zggjﬁ (91 (4,6) € H'} is a collection of clopen set whose union is exactly Z

and that by (+), X((Z(()Vijﬁ(ws)} C U(E(~,9)) for each (v,d) € H'. Let, by Lemma

4, H={H(U) : U € U} be a subshrinking of {U N (X\Z):U €U} in X\ Z.
For each U € U, let

py — { HOWUXEDOM, iU =U(B(.9)) for some (1,9) € H
H(U), otherwise.

Then F = {F(U) : U € U} is a subshrinking of &/ in X. The proof of Theorem A
is complete. [

In the rest of this paper, we consider collectionwise subnormality of subspaces
of w?. A space X is collectionwise subnormal (abbreviated as CWSN), see [Ya, if
for every discrete collection F of closed sets, there is a sequence {G,, : n € w} of
collections of open sets, where G, is represented as {G,(F) : F € F} with F C
G, (F), such that for each x € X, there isn € w with [{FF € F:x € G,(F)}| < 1.
In this situation, {G,, : n € w} is said to be a #-expansion of F. Moreover a space X
is collectionwise d-normal (CWJN), see [Bul, if every discrete collection F of closed
sets can be separated by Gjs-sets, that is, there is a pairwise disjoint collection
G ={G(F): F € F} of Gs-sets with F' C G(F). It is easy to verify that CWSN
implies CWON. The following is known.

Proposition 6. [Ju] Every discrete collection F of closed sets in a subnormal space
X with |F| < 2¥ is separated by Gs-sets.

So, by |w?| < w; < 2% and Theorem A, we have:
Proposition 7. All subspaces of w} are CWSN.

But the author does not know whether CWJN implies CWSN or not, so hereafter
we present a direct proof of the following theorem.
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Theorem B. All subspaces of w? are CWSN.

The proof of Theorem B is somewhat similar to that of Theorem A. It is straight-
forward to show:

Lemma 1°’. If X,, is a closed CWSN subspace of a space X for each n € w, then
the subspace | J X, of X is also CWSN.

necw

Applying Lemma 1’, we can similarly show:

Lemma 2’. a X wi and wy; X a are hereditarily CWSN for each a@ < wy. In
particular, for each subspace X of w?, X0,q) and X091 gre CWSN clopen subspaces
of X for each o < wy.

Lemma 4’. Let X C {{a,3) € w?: a < B} such that X NC? = () for some cub set
C Cw;. Then X is CWSN.

Proof of Theorem B. Let X C {(a, ) € w? : a < f}. It suffices to show that X is
CWSN. Let F be a discrete collection of closed sets in X.

Case 1. A(X) is stationary in wy.

For each o € A(X), fix f(a) < «a such that [{F € F : X((JJ:((Z‘))S]] NF#0} <1.

Then by the PDL, there are oy < wy and a stationary set S C A(X) such that
f(a) = ag for each a € S. Observe that [{F € F : X **“) q F £ (}| < 1. Since

(cvo,w1)
X = X000 D X((ggsll)) and X(g o, is CWSN by Lemma 2’, we can easily construct
a f-expansion of F.

Case 2. A(X) is not stationary in w;.

Let A ={a <w : V4(X) is stationary in w1 } and D be a cub set disjoint from
A(X).

Case 2-1. A is not stationary in ws.

In this case, as in Case 2-1 in the proof of Theorem A, X N C? = () for some cub
set C'. Then apply Lemma 4’.

Case 2-2. A is stationary in w;.

Let 49 = {a € AnD : V,(UF) is unbounded in w; }. Since F is discrete,
applying the PDL, for each & € AN D, we can find f(a) < a and g(a) < w; with
a < g(«) such that

(1) if a € Ao, then |{F € F: X4 nF £ 0} =1,

(2) if a € (AND)\Ao, then {F € F: X(%2)“) N F £ 0} =0.

Again applying the PDL to AN D as in Case 2-2 in the proof of Theorem A, we can
find ap < w; and a stationary set S C AN D such that, for each a € S, f(a) = ay,
g(a) < a for each o' € SN a. Then observe that

(1) if a € S A, then [{F € F: X9 np £ 0} =1,

(2) if @ € S\ Ay, then {F € F: X(g(a)jwl) NF#0}=0.

(g,

xW@) and Fy = {F e F: ZNF # ().

acS “*(ap,a]

Let Z=J
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Claim. |Fy| < 1.

Proof. Assume that there are F', F € Fy with F' # F. Then there are o/, € S
such that X)) A 2 () and X9 A p £ (. By (1’) and (2’), we have

(a07a/] (O‘07O‘}
o' ;a € SN Ay and o/ # a. We may assume o' < «a. Since o € Ay and F is
discrete, by (1), Vo (F’) is unbounded in wy. Take 8 € V. (F') with 5 > g(«).
Then (o, §) € X((ggacijwl)ﬂF'. Therefore X((zga;jwl)ﬂF' # () and X((z(()a;jwl) NE # (.

By a € SNAg and F’ # F, this contradicts (1’). This completes the proof of Claim.

By Lemma 5, Z is an open F, set of X and (X\Z)NC? = () for some cub set C.
By Lemma 4’, Y = X\Z is a closed G5 CWSN subspace of X, say Y = (), .., Gn,
where G, is open in X. Let {U,, : n € w} be a f-expansion of {FNY : F € F} in
Y, say U, = {U,(F): F € F} with FNY C U, (F) and U, (F) is open in Y.

For each FF € F and n € w, let

Un(F)U Z, if F e Fo,

Vu(F) = { Un(F)U(G,\Y), otherwise.
Then V,,(F')’s are open in X and F' C V,,(F). Set V,, = {V,,(F) : F € F} for each
n € w. To show that {V,, : n € w} is a desired #-expansion of F in X, let z € X.
If x € Z, then there is n € w such that ¢ G,,, so x ¢ V,,(F) whenever F' € F\Fy.
If x € Y = X\Z, then for some n € w, x € U,(F) for at most one F' € F. So
x € V,,(F) for at most one ' € F. The proof is complete. [

The author conjectures that the answer of the following problem is, of course,

"yes”. But it seems to be somewhat complicated to handle the induction.

Problem. Are all subspaces of w] subnormal for each n € w?

Acknowledgement. The author would like to thank Ken-iti Tamano for his helpful
suggestions. He pointed out that Lemma 1’ can be proved in a usual way.
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