THE LINDELOF PROPERTY OF LEXICOGRAPHIC
PRODUCTS
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ABSTRACT. The Lindel6f property of lexicographic products of
GO-spaces is characterized.

1. INTRODUCTION

All spaces are assumed to be regular 77 and when we consider a
product [, < Xa, all Xo’s are assumed to have cardinality at least 2
with v > 2. Set theoretical and topological terminology follow [9] and

[1].
Recently the notion of lexicographic products of GO-spaces is defined
and discussed in [3, 4, 5, 6, 7]. The following are known:

(1) if for every a < 7, X, is a Lindelof GO-space with both a
minimal element and a maximal element, then the lexicographic
product Hoc<7 X, is Lindelof, see [11, Theorem 2.10],

(2) if ¥ < w; and for every o < v, X, is a Lindel6f subspace of an
ordinal, then the lexicographic product [],_. X, is Lindel6f,
see [11, Theorem 3.2 and 3.3],

(3) if for every a < 7y, X, is a paracompact GO-space, then the lex-
icographic product [], -, Xq is paracompact, see [5, Corollary
4.7] and [2, Theorem 4.2.2].

a<y

Question 1.1. Related to the results above, it is natural to ask:

(Q1) if the lexicographic product [], ., Xao of GO-spaces is Lindelof,
where for every a < 7, X, has both a minimal element and a
maximal element, then are all X,’s Lindelof 7,

(Q2) if v < w; and the lexicographic product [], . ., Xao of subspaces
of ordinals is Lindelof, then are all X,’s Lindelof 7,
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(Q3) if for every a < =, X, is a Lindel6f GO-space, then is the

lexicographic product [, -, Xq Lindelof?

However immediately we get negative answers for (Q2) and (Q3). For
(Q2), consider the lexicographic product w x wy. For (Q3), consider
the lexicographic product R?, where R denotes the usual real line.

In this paper, we will characterize the Lindelof property of lexico-
graphic products of GO-spaces. As corollaries we see:

e (Q1) in Question above is true,

e the lexicographic product [0,1)} is Lindelof if and only if v <
wy, where [0, 1)g denotes the interval [0, 1) in the real line R,

e the lexicographic product [0,1)2 is not Lindelof but the lexi-
cographic product (0,1]2 is Lindelof, where [0,1)s denote the
interval [0,1) in the Sorgenfrey line S (that is, S = R and sets
of type [a, b) are declared to be open),

e the lexicographic product (w x wi)? is Lindeldf if and only if
v < wy, whereas the lexicographic product wy Xw is not Lindelof,

e the lexicographic product (w X wy x (wy + 1))** is Lindeldf, but
the lexicographic product ((w; + 1) X wy; X w)“" is not Lindeldf,

e the lexicographic product w x wy X (w1 + 1) X wy is Lindeldf, but
the lexicographic product w x wy x [0, 1]g X wy is not Lindeldf,

e the lexicographic product [], <, Wa is Lindelof, moreover the
lexicographic product [ ], ., waX [],, <qcw,(@a+1) is also Lin-
deldf, but the lexicographic products [, _,, wat1 and [[, <, wa
are not Lindelof.

A linearly ordered set (X, <y) has a natural topology Ax, which is
called an interval topology, generated by {(«—,z)x : x € X} U{(z,—
)x : ¢ € X} as a subbase, where (z,—)x = {z# € X : z <x z},
(ry)x ={reX:x<x2z2<xvy}, (vylx ={r€ X2 <x 2 <xy}
and so on. The triple (X, <x, Ax), which is simply denoted by X, is
called a linearly ordered topological space (LOTS).

A triple (X, <x,7x) is said to be a GO-space, which is also simply
denoted by X, if (X, <x) is a linearly ordered set and 7x is a Ts-
topology on X having a base consisting of convex sets, where a subset
C of X is convez if for every z,y € C with z <x y, [z,y]x C C
holds. In this case, the linearly ordered set (X, <x) is said to be an
underlying linearly ordered set of the GO-space X. Note Ay C 7x.
For more information on LOTS’s or GO-spaces, see [10]. Usually <y,
(x,y)x, Ax or Tx are written simply <, (z,y), A or 7 if contexts are
clear.

w and w; denote the first infinite ordinal and the first uncountable
ordinal, respectively. Ordinals, which are usually denoted by Greek
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letters a, 3,7, - - -, are considered to be LOTS’s with the usual intereval
topology. cfa denotes the cofinality of the ordinal a. For a subset A
of an ordinal «, Lim,(A) (or simply Lim(A)) denotes the set {8 <
a: [ =sup(ANp)}, that is, the set of all cluster points of A in the
topological space a.

For GO-spaces X = (X, <y,7x) and Y = (Y, <y, 7y), X is said to
be a subspace of Y if X C Y, the linear order <y is the restriction
<y X on X of the order <y and the topology 7x is the subspace
topology 7v [ X (={UNX :U € 1v}) on X of the topology 7v. So
a subset Y of a GO-space X is naturally considered as a GO-space,
that is, (Y, <x[ Y,7x [ Y). Note that a GO-space is characterized as a
subspace of some LOTS’ and generally a GO-space can be a subspace
of many LOTS’. However a GO-space X is a subspace of the following
nice LOTS X*.

For a GO-space X = (X, <x,Tx), let

X7 = (X" x{-1H) U (X x {0} u (X" x{1}),
where \x is the interval topology of (X, <x),
X+:{$€XI((—,$] ETx\)\X},

X ={zeX:[z,—)erx\ x}

and the order <y« on X* is the restriction of the usual lexicographic
order on X x {—1,0,1} with —1 < 0 < 1, also we identify X x {0}
with X by (2,0) = . Then X is a dense subspace of the LOTS X*,
obviously we can see:

e if X is a LOTS, then X* = X,

e X has a maximal element max X if and only if X* has a maxi-
mal element max X* in this case, max X = max X* (similarly
for minimal elements).

Also X* has the following nice property [12].

e if L is a LOTS containing X as a dense subspace, then L con-
tains X* as a subspace.

We call X* as the minimal d-extension of X.

For every a < =, let X, be a LOTS and X = Ha<,y X,. Every
element z € X is identified with the sequence (z(a) : o < 7). In
the present paper, a sequence means a function whose domain is an
ordinal. For notational convenience, [[,., X, is considered as {0}
whenever v = 0, where () is considered to be a function whose domain
is 0. When 0 < 8 < v, 9o € [[4epXa and y1 € [[gc, Xos v0 "0
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denotes the sequence y € ], . ., Xo defined by

) wle)  ifa< B,
yl@) = {yl(a) if 6 < a.

In this case, whenever 8 = 0, () "y, is considered as y;. In case 0 <

B <7 Yo € [oep Xas u € Xg and y1 € [[5., Xas Yo "(u)"y1 denotes
the sequence y € [], < Xao defined by

yo(a) if a < B,

y(a) = qu if a = B,

yi(a) if B < a.

More general cases are similarly defined.
The lexicographic order <x on X is defined as follows: for every
r, ' € X,

r <x ' iff for some a <,z [ a=2' | a and z(a) <x, 2'(c),

where z | a = (z(f) : B < a) and <y, is the order on X,. Now
for every a < 7, let X, be a GO-space and X = Ha<7 X, The

subspace X of the lexicographic product X = IL, -, Xg 1s said to be
the lexicographic product of GO-spaces X,’s, for more details see [5].
[Lico Xi (I[;<,, Xi where n € w) is denoted by X x X; x X5 x ---
(Xo x X1 X Xy X --- X X,,, respectively). [T, Xa is also denoted by
X7 whenever X, = X for all a < 7.

Let X and Y be LOTS’s. A map f : X — Y is said to be order
preserving or 0-order preserving if f(x) <y f(2') whenever x <x 2’
Similarly a map f : X — Y is said to be order reversing or 1-order
preserving if f(x) >y f(z') whenever x <x a’. Obviously a 0-order
preserving map (also l-order preserving map) f : X — Y between
LOTS’s X and Y, which is onto, is a homeomorphism, i.e., both f
and f~! are continuous. Now let X and Y be GO-spaces. A 0O-order
preserving map f : X — Y is said to be 0-order preserving embedding
if f is a homeomorphism between X and f[X], where f[X] is the
subspace of the GO-space Y. In this case, we identify X with f[X] as
a GO-space and write X = f[X].

Recall that a subset of a regular uncountable cardinal x is called
stationary if it intersects with all closed unbounded (= club) sets in &.

Let X be a GO-space and Y C X. A subset Z of Y is 0-unbounded
in Y if for every x € Y, there is 2’ € Z such that x < 2/. A subset
Z of Y is 0-bounded in Y if it is not 0-unbounded in Y. A subset A
of X is called a 0-segment of X if for every x, 2’ € X with x < 2/,
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if 2/ € A, then x € A. “l-(un)boundedness” and ‘’1-segment” are
similarly defined. Both () and X are 0-segments and 1-segments.
For a 0-segment A of a GO-space X, let

0-cfx A =min{|U|: U is 0-unbounded in A.}.

0-cfx A can be 0,1 or regular infinite cardinals. If contexts are clear,
0- cfx A is denoted by 0-cf A. Note that for a given 0-order preserving
sequence {zg : # < d} in X indexed by an ordinal ¢ (i.e., if 8 < /&, then
rp <x xg), the set {x € X : 38 < 6(x < xg)}, which is denoted by
A({zs : B < 6}), is a 0-segment of X with 0-cfx A({zg: 5 < 0}) = cfo.
Conversely, note that for a given O-segment A of X, there is a 0-order
preserving and 0-unbounded sequence {z3 : § < 0-cfx A} in A, in this
case, A = A({xs : f < 0-cfx A}) holds.

Definition 1.2. A GO-space X is said to have countable (closed) 0-
cofinality if for every (closed, respectively) 0-segment A of X, 0-cfx A <
w holds. Also a GO-space X is said to have countable 0-bounded
closed 0-cofinality if for every 0O-bounded closed 0-segment A of X,
0-cfx A < w hold. Obviously if X has countable 0-bounded closed 0-
cofinality and 0-cfx X < w, then X has countable closed 0O-cofinality.
Analogous notions (0 is replaced by 1) are defined.

Note that w; + w has countable closed 0-cofinality but does not have
countable 0-cofinality. Also note that (w; + w) \ {w1} does not have
countable closed 0-cofinality but its underlying linearly ordered set has
countable closed 0-cofinality, because it is identified with w; + w.

Recall that a topological space X is w;-compact if every uncountable
subset H of X has a cluster point x, that is, for every neighborhood U
of z, (U\ {x}) N H is non-empty (equivalently, U N H is infinite).

Definition 1.3. A GO-space X is said to be boundedly wi-compact
if every uncountable subset H of X, which is both 0-bounded and
1-bounded, has a cluster point.

Obviously Lindelof topological spaces are wi-compact and w;-compact
GO-spaces are boundedly wy-compact, also boundedly w;-compact GO-
spaces with both a maximal element and a minimal element are w;-
compact. Using the notions defined above, we characterize the Lin-
delofness of GO-spaces.

Lemma 1.4. Let X be a GO-space. Then X is Lindelof if and only if
the following clauses hold:

(1) X has countable closed 0-cofinality,
(2) X has countable closed 1-cofinality,
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(3) X s (boundedly) wi-compact.

Proof. One direction is obvious. To see another direction, assume (1),
(2) and that X is boundedly w;-compact but not Lindel6f. By (1) and
(2), we can find xg, 27 € X with 2y < x; such that Y := [z, 21]x is
not Lindeldf (use 0-cfx X < w and 1-cfx X < w). So one can find a
collection U of open sets with Y C |JU such that U has no countable
subcollection which covers Y. Since open sets in a GO-space can be
decomposed into convex open sets, we may assume that every U € U is
a convex open set meeting Y. For every U, U’ € U, define U ~ U’ when
there are n € w and a sequence {U; : i < n} C U such that U = U,
U’ = U, and for each i < n, U; N U;;; is non-empty. Obviously the
relation ~ is an equivalence relation on U, so {JV : V € U/.} is a
decomposition of [ JU by non-empty open sets, where U /.. denotes the
collection of all equivalence classes of U by ~. Fixing a point z(V) €
YN(UV) for every V e U/, let H={xz(V):V € U/.}. Obviously
H has no cluster points in X. It follows from H C Y that H \ {zo, x1}
is 0-bounded and 1-bounded in X. By bounded w;-compactness, we
see that H is countable, so U /., is countable. Therefore for some V; €
U/, any countable subcollection of Vy cannot cover Y N (V). Fix
ze € Y N (UWo). We may assume that any countable subcollection of
Vo cannot cover [z4, 1] N (|J Vo), otherwise any countable subcollection
of Vy cannot cover [zg, x2]) N (JWy). Put A = {x € X : Jy € [x9, 1] N
(UWVo)(x < y)}. Obviously A is a O-segment of X with AN [zy,21] =
(29, 21]) N (LU Vo). To see that A is closed in X, let z € X \ A. Then
obviously we have z > x5. When x > x;, (x1,—) is a neighborhood
of x disjoint from A. So let z < 7. Since x € Y C |JU, there
is V) € U/ with z € (JV1. Then it is straightforward to see that
UV, is a neighborhood of z disjoint from A. Now by (1), we have
0-cfxy A < w. First assume 0-cfxy A = 1, that is, A has a maximal
element max A. “zy,max A € |JV,” and the definition ~ witness that
some finite subcollection V' of V; covers [zg, max A] (= [z2, z1]N(J W),
a contradiction. Next assume 0-cfx A = w. Fix a 0-order preserving
and O-unbounded sequence {a, : n € w} in A with xs < ap. As
above “xq, a, € |JVo” witnesses that some finite subcollection V/, of V,
covers [xy, a,) for every n € w. Now |, ., V), covers [za, z1] N (U Vo)

new " n ? a
contradiction. O

In later sections, we will separately characterize countable closed
0-cofinality, countable closed 1-cofinality and w;-compactness of lexi-
cographic products.
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Example 1.5. In the lemma above, the clause (3) cannot be omitted,
e.g., the lexicographic product X = R? satisfies the clauses (1) and (2)
but is not Lindelof.

But in some special cases, the clause (3) is unnecessary.

Corollary 1.6. Whenever X is a subspace of an ordinal, X is Lindelof
if and only if it has countable closed 0-cofinality.

Proof. One direction follows from the lemma above. Let X be a sub-
space of an ordinal which has countable closed O-cofinality. It suffices
to see that X satisfies (2) and (3) in the lemma above. (2) is obvious,
since X is well-order. To see (3), assume that there is an uncountable
subset H of X having no cluster points. Enumerate H = {z, : a < 0}
as 0-order preserving, that is, x, <y ro whenever a < o/ < 9. Since H
is uncountable, we have w; < §. Let A = {z € X : Ja < wi(z <x z.)}.
Obviously A is a 0-segment of X with 0-cfx A = w;. It suffices to see
that A is closed in X. Let x € X \ A. If there is y € X with y < x
such that x, < y holds for every a < wj, then obviously (y,—) is
a neighborhood of x disjoint from A. Assume that for every y € X
with y < x, there is @ < w; such that y < z, holds. Since x is not a
cluster point of H, there is * € X* such that H N (z*,2) = (). Now
(x*,—)x» N X is a neighborhood of = disjoint from A. O

2. COUNTABLE CLOSED (0-COFINALITY OF LEXICOGRAPHIC
PRODUCTS

In this section, we characterize countable closed 0-cofinality of lex-
icographic products. We need the following terminologies shown in

6].

Definition 2.1. Let X = Ha<7 X, be a lexicographic product of GO-
spaces. We use the following special notation.

J" ={a <~v: X, has no maximal elements.},
J~ ={a <vy: X, has no minimal elements.},
K" ={a <~: thereis z € X, such that (z,—)x, is non-empty
and has no minimal element.},
K~ ={a <v: thereis z € X, such that (<, z)x, is non-empty
and has no maximal elements. }
Let a be an ordinal and let

l(@):{() if @ <w,

sup{f < a: B is limit.} if @ > w.
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Note that [(«) is the largest limit ordinal less than or equal to «
whenever @ > w. So the interval [I(«),«) of ordinals is finite, thus
every ordinal o can be uniquely represented as [(a) + n(a) for some
n(a) € w. When l(a) = «, we let [I[(a), ) = 0.

Lemma 2.2. Let X = Ha<7 X be a lexicographic product of GO-
spaces. Then X has countable closed 0-cofinality if and only if the
following clauses hold:
(1) J~ C w1
(2) for every ordinal o < v with sup J~ < a, the following hold:
(a) X, has countable 0-bounded closed 0-cofinality,
(b) in each of the following cases, 0-cfx, X, < w holds,
(i) J"FN[l(a),a) =10,
(i) J*Nl(a), ) #0 and J- N (o, 0] # 0,
(iii) JTN[l(a),a) #0 and KT N[a,a) £ 0,
where o/ = max(JtN[l(a), @) in case JTN[l(a), o) #
0.
(3) for every o < sup JJ~, X, has countable 0-cofinality.

Proof. Let X = [Ioo, X5 and fix ug,us € X with ug(a) < ui(e) for
every a < 7.

To see one direction, assume that X has countable closed 0O-cofinality:.
We will see (1), (2) and (3).

(1) Assume J~ \ w; # () and let ap = min(J~ \ wy). Noting w; < ay,
let y = (u(@) : @ < w)"(minX, : w1 < a < ap) and A = («+
,y)Ha@O Xo X [lag<a Xa- Then A is a O-segment of X. To see that
A s closed in X, let z € X \ A. Note y < x [ ag. Since X,, has
no minimal elements, we can take u € X,, with u < z(ap). Letting
¥ = (x| ag)™u)(z | (ao,7)), (z',—)x is a neighborhood of x disjoint
from A. We have seen that A is closed in X. Fixing z € [], <, Xa, for
each 8 < wy, let yg = (u1(a) : a < B) ug() : B < a < w) {min X, :
w; < a < ap)”z. Then the sequence {ys : f < w;} is 0-order preserving
and 0-unbounded in A, therefore 0-cf y A = wq, which contradicts that
X has countable closed 0-cofinality. Thus we see J~ C wy.

(2) Let sup J~ < ap < 7. To see (a), assume that there is a 0-bounded
closed O-segment Ag of X4, with A := 0-cfx, Ao > wy and fixu € Xoo \
Ap. Then there is a 0-order preserving sequence {ug : f < A} which
is 0-unbounded in Ag and (¢, uo)x,, # 0. Fixing yo € [[,.o, Xa, for
every f < A, let x5 = yo "(ug)(min X, : oy < «). Noting that the
sequence {xg : f < A} is 0-order preserving, put A = A({zp: f < A\}).
To see that A is closed in X, let x € X\ A. When z | (ap+1) > yo "(u),
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by letting ' = yo " (u)"(min X, : ap < @), (2/, —) is a neighborhood of
x disjoint from A. So assume z | (g + 1) < yo "(u), then = [ ap = yo
has to be true (otherwise, z € A). Therefore we have x(ap) ¢ Ao and
r(ap) < u. Since Ag is closed in X,,, one can take u* € X with
ut < z(ag) and Ag N (v, =)xz = 0. Letting z* = (z | ap)™(u*)"(x |
(ap, 7)), we see that (z*, =) ¢ N X is a neighborhood of z disjoint from
A. Thus A is closed in X. Now by 0-cfx A = A > w;, we have a
contradiction to countable closed 0-cofinality of X.

To see (b), assume A := 0-cfx, Xo, > wi and fix a 0-order pre-
serving sequence {ug : f < A} which is O-unbounded in X,, with
(¢, up) # 0. In each case of (i), (ii) and (iii), we will get a contradic-
tion.

(l) J+ M [Z(OZQ),Oéo) = @

Note that X, has a maximal element for every a € [I(cv), ), and that
X, has a minimal element for every a > . We consider 2 cases.

Case 1. l(ag) = 0.

Letting 5 = (max X, : a < ap)(ug) (min X, : ap < «) for every
B < A, consider A := A({zs : f < A}). Then A is a 0-segment in X
with 0-cfy A= X. Tosee A= X, let x € X. Whenz [ ag < (max X, :
a < ap), we have x < xg, soz € A. When z | ap = (max X, : o < ay),
for some 8 < A, z(ap) < ug holds which implies z < z3 thus z € A.
We have seen A = X. Now A (= X) is a closed 0-segment with
0-cfxy A =\ > wq, a contradiction.

Case 2. [(ag) > w.

Letting z5 = (up(@) : a < (o)) (max X, : () < a < ag)”
(ug)M(min X, : ap < a) for every f < A, consider the 0-segment A :=
A({zg : B < A}) in X with 0-cfx A = A. To see that A is closed, let
reX\A x| a < (ula): a<lla)(max X, : l(ap) < a < ap)
were true, then we have x < xqg € A so x € A, a contradiction. If
x| ag = (ug(a) : a < l(ag)) (max X, : l(ag) < a < ag) were true,
then by taking f < A with z(ag) < ug, we see x < x5 € Aso z € A,
a contradiction. We have seen x [ ag > (up(a) : o < I(c))"(max X, :
l(ap) < a < ap). Now letting a; = min{a < l(ap) : z(a) # up(cr)} and
= (up(a) : a0 < a)™ug () g < a < l(a)) Mz | [l(a),7)), (2, —)
is a neighborhood of x disjoint from A. So A is a closed 0-segment with
0-cfx A =\ > wq, a contradiction.

(i) J* N [l(ap),a0) # 0 and J~ N (aq, ap] # O, where a; = max(J* N
[[(cx), o))
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Let ap = max(J~ N (aq,ap]). Note that as exists, because [I(ap), o)
is finite. Also note l(ap) < oy < e < ap. We consider 2 cases.

Case 1. ay = .

Fixing yo € [[,<a, Xa» let 15 = yo "(max X, : oy < o < ag)"(ug)”
(min X, : g < a) for every f < . Consider the 0-segment A :=
A({zg : f < A}) in X with 0-cfx A = A. To see that A is closed,
let v € X\ A Ifz [ ap < yo “(maxX, : o < o < ) were true,
then we have z < ¢y € A so x € A, a contradiction. If z | oy =
Yo Mmax X, : a1 < a < ap) were true, then by taking S < A with
z(og) < ug, weseex < xg € Asox € A, acontradiction. We have seen
x| oy >y Mmax X, : a; < a < ap) thus z | (ay +1) > yo. Taking
u € Xa, (= Xop) with u < z(ap), let 2 = (z | ap)™(u)(x [ (ao,7)).
Then (2’, —) is a neighborhood of z disjoint from A. So A is a closed
0-segment with 0-cfx A = A > wy, a contradiction.

Case 2. as < ay.

Fixing yo € [[,cq, Xa» let 15 = yo M(max X, @ ap < o < ag)"(ug)”
(min X, : ap < «) for every f < A. Consider the 0-segment A :=
A({zp : B < A}) in X with O-cfx A = X. To see that A is closed,
let x € X \ A. By a similar argument of Case 1 above, we have
x| ag >y Mmax X, :ay < a < ag) thus x [ ag > yo | ap. Taking
u € X,, with u < z(ag), let 2/ = (x | ag)™(w)(z [ (a2,7)). Then
(', —) is a neighborhood of z disjoint from A. So A is a closed 0-
segment with 0-cfx A = A > wy, a contradiction.

(iii) J* N [l(w), a0) # 0 and K N [aq, ap) # B, where a; = max(J ™ N
[[(), ao))-

Let ap = max(K™ N [y, ap)), then note I(ag) < a1 < ag < ap.
From a; € K*, we can take u € X,, such that (u,—)x,, is non-
empty and has no minimal elements. Fixing yo € [], can Xay let
zg = yo Mu) (max X, @ as < a < ag)(ug)" (minX, : ap < «a)
for every 8 < A. Consider the 0-segment A := A({zz : § < A}) in
X with O0-cfx A = A. To see that A is closed, let z € X \ A. By
z [ ag >y Mu) (max X, : as < a < o) (otherwise, z € A), we have
z | (a+1) > yo “(u). Since (yo "(u), —) is non-empty and has no min-
imal elements, taking z € [],,, Xo Withyo "(u) < 2z <z [ (az+1), let
2" = zMx | (ag,7)). Then (2, =) is a neighborhood of z disjoint from
A. So A is a closed 0-segment with 0-cfx A = A\ > wq, a contradiction.

(3) Assume o < supJ~ and that there exists a 0-segment Ay in X,,
with A := 0-cfy, Ao > wi. Let ay = min(J~ \ (g + 1)) and {ug :
B < A} be a 0-order preserving and 0-unbounded sequence in Ay with
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(«—,up) # 0. Fixing yo € [Toco, Xo and y1 € [[,cq Xas let 25 =
Yo (ug)"yy for every < A. Consider the 0-segment A := A({zg: 8 <
A}) in X with 0-cfx A = A. To see that A is closed, let z € X \ A.
Then we have x [ oy > yp, otherwise v < g € A. Fixing u € X,,
with u < x(aq) and letting ' = (z | a)™(w)(x | (a1,7)), (¢/,—) is
a neighborhood of = disjoint from A. So A is a closed 0-segment with
0-cfx A =\ > wy, a contradiction.

To see the other direction, assume (1)-(3) and that there is a closed
0-segment A of X with 0-cfxy A > w;. Let B = X \ A.

Claim 1. B # 0.

Proof. Assume B = (). Since A (=X) has no maximal elements,
J*t is non-empty. Let oy = minJ", then the clause (2bi) shows
0-cfx,, Xoy = w. Fix a 0-order preserving sequence {u, : n € w}
with (¢, ug) # () which is 0-unbounded in X,,. Fixing y1 € [[,, .o Xa>
let 2, = (max X, : a < ag)(u,) y; for every n € w. Then {xz, : n €
w} is O-order preserving O0-unbounded in A (= X)), which contradicts
0-cfx A > wy. This completes the proof of Claim 1.

We consider 2 cases.
Case 1. B has a minimal element.

Let b = min B. Since A is closed in X with b ¢ A, we can find b* € X
such that b* < band (b*,b) NA = (). Since A has no maximal elements,
we have b* ¢ X. Let ap = min{a < v : b*(«a) # b(«)}.

Claim 2. For every a > ap, X, has a minimal element and b(a) =
min X,.

Proof. If there were a > ag and u € X, with u < b(a), then we have
b < (b ] )™ w)(b | (a,7)) < b, a contradiction. This completes the
proof of Claim 2.

Claim 3. (b*(Oé()),b(Oéo))Xao = @

Proof. 1If there were u € (b*(ap),b(ao))x;, , then we have b* < (b |

o)™ (u)™(b T (a0, y)) < b, a contradiction. This completes the proof of
Claim 3.

Claim 4. [b(ao), —=)x,, & Ax.,, Where Ax, denotes the interval topol-
ogy of the linearly ordered set X,,.

Proof. Tt follows from b*(ap) < b(ap) that (+,b(ao))x,, is not empty.

Assume [b(ag), —)x,, € Ax,,, then there is u € X, with u < b(ay)
and (u,b(ao))x,, = 0. By Claim 3, u = b*(ag) holds. Similarly to
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Claim 2, we see that for every a > «gp, X, has a maximal element
and b*(a) = max X,, which means 0* € X from b | o9 = b* | oy and
b*(ap) = u € X4, a contradiction. This completes the proof of Claim
4.

Now let Ag = (+,b(q))x,,- Claim 4 says that A, is 0-bounded
closed 0-segment of X, with no maximal elements. From Claim 2, we
see sup J~ < ap, therefore by the clause (2a), we have 0-cfx, Ap = w.
Fix a 0O-order preserving 0-unbounded sequence {u, : n € w} in Ay.
Letting z, = (b | ao)™(un) (b | (ap,7)) for every n € w, we see
A=A{x, :n € w}) thus 0-cfx A = w, a contradiction.

Case 2. B has no minimal elements.

Set I ={a<vy:JacAFbeBa|(a+1)=0b](a+1))}. Since I is
a 0-segment in 7, we have I = «q for some ordinal oy < . For every
a < g, fix a, € Aand b, € B with a, | (¢ +1) =b, | (a+1). Define
Yo € [Toca, Xo by Yo(a) = aa(a) for every a < ay.

Claim 5. For every o < ag, yo [ (@ +1) =as [ (a+1) =bs [ (0 +1).

Proof. 1t suffices to see the first equality. Assuming yo | (o + 1) #
ao | (o + 1) for some o < a, let oy = min{a < ag : yo | (o +
1) # a, [ (a+ 1)} and ap = min{a < oy @ yo() # @a, (a)}. Then
obviously as < a1 < «ap holds because of yg(c) = aq,(a1). When
Yo(a2) < g, (a2), we have B 3 b,, < a,, € A, a contradiction. When
Yo(a2) > aq,(a2), we have B 3 by, < aa, € A, a contradiction. This
completes the proof of Claim 5.

Claim 6. o < 7.

Proof. Assume oy = v, then yo € X = AUB. Let yy € A. Since A has
no maximal elements, fixing a € A with yy < a, let Sy = min{a < 7 :
yo(a) # a(a)}. Then we have B 3 bg, < a € A, a contradiction. The
case “yp € B” is similar, since we are in the Case 2. This completes
the proof of Claim 6.

Claim 7. The following hold:
(1) ifa € A, then a | ag < yo,
(2) if b e B, then b rOé(] > Yo,
(3) if z € X and x | ag < yo, then x € A,
(4) if x € X and = [ ap > o, then = € B.

Proof. (1) If a € A and a | oy > yo were true, then letting 5y =
min{a < ap : a(a) # yo(a)}, we have B 3 bg, < a € A, a contradic-
tion. (2) is similar.
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(3) Let z € X and = | ap < yo. By letting Sy = min{a < oy :
z(a) # yo()}, we have © < ag, € A, thus z € A. (4) is similar. This
completes the proof of Claim 7.

Put Ay = {a(ag) :a € A;a [ agp =y} and By = {b(ap) : b € B,b |
o = Yo}
Claim 8. Aj is a 0-segment of X, and By = X,, \ Ao.

Proof. To see that Ag is a 0-segment of X, let v’ < u € A,. Take
a € Awith a [ ap = yo and a(ag) = u. Let ' = (a [ ag)™ (W) (a |
(a,7y)). Since A is a 0-segment with o’ < a € A, we have o' € A,
Then v’ = da/(ap) and @’ | ag = yo show v’ € Ay.

To see By C Xo, \ Ao, let u € By. Take b € B with b | ap = yo and
b(ag) = u. If u € Ay were true, then by taking a € A with a [ ag = yo
and a(ap) =u, wesee a | (ap+1)=b ] (ap+ 1), thus ag € I = o, a
contradiction.

To see By D X, \ Ao, let u € X, \ Ag. Take x € X with x [ ap = yo
and z(ap) = u. If v € A were true, then by the definition of Ay, we
see u = x(ap) € A, a contradiction. Now we have x € B thus u € By
This completes the proof of Claim 8.

Claim 9. Aj # 0.
Proof. Assume Ay = ). We will check the following Facts.

a<ag Xa X Haoﬁa Xa - A

Proof. The inclusion “C” follows from Claim 7 (3). To see the other
inclusion, let a € A. By Claim 7 (1), we have a [ ap < 9o. If a [ a9 = o
were true, then we have a(ag) € Ay, which contradicts Ag = (). So we
have a [ ap < o, that is, a € («—, yo) X [] X,. This completes the
proof of Fact 1.

This fact shows (<, y0) # 0 because of A # ().

Fact 2. oy > 0 and o is limit.

Fact 1. (<, %0)[q

apg<la

Proof. 1f ag = 0 were true, then by taking a € A, we see a(ag) € Ay,
a contradiction. If ay = £y + 1 were true for some ordinal (3, then by
Bo €l (=), weseeag, [ag=uag, [ (Bo+1)=wyo [ (Bo+1)=wyol o
which shows ag, (o) € Ao, a contradiction. This completes the proof
of Fact 2.

Fact 3. 0-cfpy, _ x, (<=, y0) = cfay.

Proof. Let A\ = cfag. It follows from Ay = () that for every a < ay,
there is o/ < ap with a@ < o’ such that a, [ a9 < an | ag. So using



14 YASUSHI HIRATA AND NOBUYUKI KEMOTO

the induction on A, we can find a 0-order preserving and 0-unbounded
sequence {dg : B < A} in g such that {as, : 8 < A} is also O-order
preserving and O-unbounded in (4—,yp). Therefore 0-cf(«—,yo) = A.
This completes the proof of Fact 3.

Fact 4. There is a < v with oy < « such that X, has no minimal
elements, that is, J~ N [ag,y) # 0.

Proof. Otherwise, yo "(min X, : ag < «) is the minimal element of B,
a contradiction to Case 2. This completes the proof of Fact 4.

It follows from J~ C w; and Fact 4 that oy < wy, therefore by Fact
2, we see cfay = w. Now Fact 1 and 3 show 0-cf A = 0-cf(+—,yo) =
cfag = w, a contradiction. We have seen Ay # (). This completes the
proof of Claim 9.

Put A* = («—,y0) X Xo, U{¥o} X Ap. Since Ay is a 0-segment of X,
A* is also a O-segment of ],  Xa and {yo} X Ap is a 1-segment (i.e.,
final segment) of A*, therefore by Claim 9, we have 0- cfyy <oy o A* =
0- CfXaO AQ.

Claim 10. A = A* x ] Xa-

ap<a “ T
Proof. To see the inclusion “C”, let @ € A. By Claim 7 (1), we have
a | ap < yo. When a [ ag < yop, we can see a [ (ag + 1) € A* thus
a € A* X Ha0<a Xo. When a [ ag = yo, by a(ag) € Ap, we can see
al(ap+1) € A" thus a € A* X [], oo Xa-

To see the inclusion “27, let a € A* X [], .o Xa- Notea [ (ap+1) €
A*. When a | (ag+1) € (+—,y0) X Xq,, from Claim 7(3), we see a € A.
When a [ (ag+ 1) € {yo} x Ay, from a [ ap = yo and a(ay) € Ay, we
see a € A from Claim 8. This completes the proof of Claim 10.

Claim 10 shows A* # (). We consider further 2 subcases of Case 2.
Case 2-1. 0- CfHa<a0 x, A > w.

In this case, by Claim 10, we easily see 0-cfx A = 0-cf A* (= 0-cfx, Ao),
so we have 0-cfx, Ag > w;. Then the clause (3) shows sup J~ < ay.

Claim 11. Ay # X,,.

Proof. Assume Ay = X,,. Since Aj has no maximal elements, we have
ap € JT. If ag = fp + 1 were true for some ordinal fy, then by bg, € B
and bg, [ ao =bg, | (Bo+1) =y [ (Bo+1) = yo [ ap, we have
bs, () € By, a contradiction. So we see that ag is 0 or limit, thus
[l(v), ag) = 0. Tt follows from sup J~ < « and the clause (2bi) that
0-cf Xog Xag = W, which contradicts 0- cf Xog Xag = 0- cf Xag Ay > wy.
This completes the proof of Claim 11.
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Claim 12. A is closed in X,,.

Proof. Let u € X,, \ Ao (= Bp). When there is v’ € By with v/ < u,
(v, —=)x,, 18 a neighborhood of u disjoint from Ag. When there is no
such «’ (that is, v = min By), letting b = yo "(u)(min X, : ap < ),
we see b = min B, which contradicts Case 2. This completes the proof
of Claim 12.

Now we have seen that sup J~ < ag and Aq is a 0-bounded closed
0-segment with w; < 0-cfy, Ao, a contradiction to (2a).

Case 2-2. 0-cffy, _ x, A" =1, that is, A* (hence Ap) has a maximal
element. )

In this case, since A has no maximal elements but A* has a maximal
element, by Claim 10, for some ordinal o < v with ay < «, X, has no
maximal elements. So let

a; = min{a > ap : X, has no maximal elements. }

and A = 0-cfy, X,,. Take a 0-order preserving and 0-unbounded
sequence {ug : f < A} in X, with (<= ug) # 0. Fixing 1 € [[,, .0 Xa,
let x5 = yo "(max Ap) (max X, : ap < a < a3)"(ug) y; for every
B < A. Then the sequence {zg : f < A} is O-order preserving and
0-unbounded in A4, so A = 0-cfx A > w; thus 0-cfy, X, > w;. Now
the clause (3) shows sup J~ < ;. Also note J* N (ag, 1) = 0 from
the definition of «;.

Claim 13. [(a1) < ag and J* N [l(aq), ag] # @ hold, therefore J* N
[l(en), on) # 0.

Proof. f iy < I(cv1) were true, then by J™N[l(c), 1) C JTN(ag, 1) =
() and the clause (2bi), we have 0-cf Xo, Xay < w, a contradiction.
Thus we have l(a1) < ap. If J" N [l(a1),a9] = O were true, then by
Jt N (ap, 1) =0, we have J* N [I(e1), 1) = B, thus 0-cfx, Xo <w
by the clause (2bi), a contradiction. This completes the proof of Claim
13.

So let ap = max(J* N [l(a1),a1)). From J* N (e, 1) = 0, note
(6] S Q.

Claim 14. B has a minimal element.

Proof. First we will check By # (). When ag = an, we see Ag # Xo,
(thus By # 0), because Ay has a maximal element but X,, (= X,,)
has no maximal elements. So let s < . It follows from I(ay) < ap <
ag < ap that g is a successor ordinal, say ay = By + 1. Because of
bs, € B and b | ag = yo | v, we have bg,(ag) € By, thus By # 0.
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Next assume that By has no minimal elements, then (max Ay, —)
has no minimal elements therefore oy € K+ N [ag, a1). Now by clause
(2biii), we have 0-cfy, Xo, < w, a contradiction. Thus By has a
minimal element. This completes the proof of Claim 14.

Since B has no minimal elements but By has a minimal element,
there is @ < v with oy < « such that X, has no minimal elements
(otherwise, B has the minimal element y, "(min By)" (min X, : o <
a)). So let a3 = min{ar > ap : X, has no minimal elements.}, then
az € J7 N (g, ;] because of sup J~ < ay. Now the assumption (2bii)
with sup J~ < a; shows 0- cfXa1 Xo, < w, a contradiction. O

Analogously we have:

Lemma 2.3. Let X = Ha<7 X, be a lexicographic product of GO-
spaces. Then X has countable closed 1-cofinality if and only if the
following clauses hold:
(1) Jt C w1,
(2) for every ordinal o <y with sup J© < «, the following hold:
(a) X, has countable 1-bounded closed 1-cofinality,
(b) in each of the following cases, 1-cfx, X, < w holds,
(i) J-N[l(a),a) =10,
(i) J-N[l(a),a) #0 and J" N (a/,a] # 0,
(iii) J-N[l(a),a) #0 and K~ N[, a) # 0,
where o = max(J - N[l(«),@)) in case J-N[l(«a), ) #
0.
(3) for every a < sup J*, X, has countable 1-cofinality.

3. w1-COMPACTNESS OF LEXICOGRAPHIC PRODUCTS

In this section, we characterize wi-compactness of lexicographic prod-
ucts. To do this, we need further observation of w;-compactness. When
X is a GO-space, we can consider some variations of notions of cluster
points and w;-compactness.

Definition 3.1. Let X be a GO-space, z € X and H C X. A point
x is said to be a 0-cluster point of H in X if for every neighborhood
Uof xin X, (UN (+<,x)) N H is non-empty (equivalently, infinite),
in other words, for every z* € X* with z* <y« z, (2%, 2)x- N H is
non-empty (equivalently, infinite). The notion of 1-cluster points of H
in X is similarly defined. Moreover x is said to be a 2-cluster point of
H in X if it is a both O-cluster and 1-cluster point of H in X.

A GO-space X is said to be 0-(1-, 2-)w;-compact if every uncountable
subset of X has 0-(1-, 2-, respectively)cluster points in X.
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When H is represented as H = {x3 : f < 0} , where ¢ is an ordinal
and “f' < f — xg < xp” (i.e., H is a 0-order preserving sequence),
obviously H has no 1-cluster points. By the definitions, we easily see:

e countable GO-spaces are 2-w;-compact,

e Lindelof GO-spaces are w;-compact,

e 2-wi-compact GO-spaces are 0-wi-compact and 1-w;-compact,

e (O-w;-compact (1-wi-compact) GO-spaces are wi-compact,

e all subspaces of R are w;-compact, because they are Lindelof,
see Lemma 1.4.

In fact, we first show:

Proposition 3.2. If H is an uncountable subset of R, then {x €
H : x is not a 2-cluster point of H in H.} is countable. Therefore,
all subspaces of R are 2-wi-compact.

Proof. Let H be an arbitrary uncountable subset of R. Let
C={CcCcR:Cisaconvexsetin R, |[CNH|<w},

Cy ={C €C: thereis no C' € C with C C C'},
It is routine to check that
(1) for each C" C C with |C'| < w, if Co N Cy # O for every Cy, C; €
C', then |JC' € C.
(2) if Cy,Cy € C and Cy N Cy 7é @, then CoU C € C,
(3) if £ <w; and {C, : a < &} C C is ascending (that is, if @ < o/
then C, C C,/), then Ua<5 C, eC.
By (2),
(4) Cyy is pairwise disjoint.
Notice that
(5) {IntgC : C' € Cr} is a pairwise disjoint collection of non-empty
open sets of R, where IntgC' denotes the interior of C' in R.

Since R has the c.c.c. (that is, the cardinality of every pairwise disjoint
collection of non-empty open sets is countable), we see:

(6) |Cr| < w, in particular, |Ugee, (C N H)| < w,
(7) there is not a strictly ascending sequence of uncountable length
by convex sets (in particular, by members of C).

By (3) and (7), we have:

(8) for each C € C, there is a Cy; € Cpy with C' C Cyy.
It is trivial that

(9) {z} € C for every z € R.
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By (8) and (9), we have
(10) R =JCu.

It suffices to see:

Claim. {z € H : z is not a 2-cluster point of H in H. } C [Jgee, (CN
H).

Proof. Let x € H\ Ugee, (C N H). By (10), we obtain a C' € Cy with
x € C, then C ¢ C;, so C = {z}. Let U be an arbitrary neighborhood
of x in H. Take a,b € R with a < < b and [a,b] N H C U. By
C €Cy and C = {z} C [a,z], we have [a,z] ¢ C, i.e. |[a,z] N H| > w.
Hence, (U N (+—,x)) N H # (. Similarly, we see (U N (z,—)) N H # 0.
Therefore x is a 2-cluster point of H. 0

O

To characterize wi-compactness of lexicographic product, we need
further variations of it.

Definition 3.3. A GO-space X is said to be 0-boundedly 0-w;-compact
if every uncountable 0-bounded subset H of X has a 0-cluster point in
X. 1-boundedly 1-w;-compactness is similarly defined.

Example 3.4. (1) Let X be a subspace of R. Obviously X has
both countable 0-cofinality and countable 1-cofinality, moreover
it is 2-w;-compact (Proposition 3.2).

(2) Let X be asubspace of S, then X has both countable 0-cofinality
and countable 1-cofinality, moreover it is 1-w;-compact. But X
is not 0-w;-compact whenever X is uncountable.

(3) Let X be a subspace of an ordinal. Then X has countable 1-
cofinality, but X is not 1-w;-compact whenever X is uncount-
able. The GO-space X := {& < w; : «a is a successor ordinal. }
is 0-boundedly 0-w;-compact, but not 0-w;-compact.

(4) All ordinals are 0-w;-compact and have countable 0-bounded
closed 0-cofinality.

(5) Let X = (X, <x,7x) be a GO-space. The reverse of X, which is
denoted by — X, is the GO-space (X, >x, Tx), see [6, Definition
3.10]. Obviously X has countable (closed) O-cofinality if and
only if —X has countable (closed) 1-cofinality, also X is (0-
boundedly) 0-w;-compact if and only if —X is (1-boundedly)
1-wi-compact. Therefore if o is an ordinal, then —a is 1-w;-
compact, moreover has countable 0-cofinality and countable 1-
bounded closed 1-cofinality.
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(6) Regarding X NY =0, let X = (X,<x) and Y = (Y, <y) be
LOTS’s. X +Y denotes the LOTS (X UY, <x.y), where the
linear order < x .y extends both <x and <y, moreover it satis-
fiesx <x,y yforevery x € X and y € Y, that is, X + Y is the
resulting LOTS that Y is added after X. Then (—w;) 4+ w; and
wy + (—wq) are topologically homeomorphic and w;-compact.
(—w1) + wy has countable 0-bounded closed 0-cofinality and
countable 1-bounded closed 1-cofinality. On the other hand,
wy + (—wi) has neither countable 0-bounded closed 0-cofinality
nor countable 1-bounded closed 1-cofinality. (—w;) + w; and
wy + (—wy) are neither 0-w;-compact nor 1-w;-compact.

We use the following notation.

Definition 3.5. Let X =[], -, Xa be a product of linearly ordered
sets (need not be a lexicographic product) and H C X. For every
a<yandy € [[z.,Xpand z € X, let
E(y, H) = {=(a) : s € H,z [ a =y},
F(x,H)={a<~vy:E(x | a H) N+, z(a))x, # 0},
Ff(z,H)={a <vy:E(x [ o, H)N(z(a), =)x, # 0}.
Lemma 3.6. Let X = Haq Xo be a product of linearly ordered sets
and H C X. If the following clauses hold, then H s countable.
(1) E(y, H) is countable for every a <~ and y € [[4., Xp,
(2) F~(x, H) is finite for every x € H,
(3) Ft(x, H) is countable for every x € X.
Proof. For every n € w and y € H5<a Xpg with o <, let
H(y,n)={z€H:zla=y |F (z,H)N]a,7)] =n}

We will prove, by induction on n € w,

(%), for every y € H Xp with a <+, H(y,n) is countable.

B<a

If we have done this induction, then from the clause (2), we see H =
U,ew H(@,n). Therefore H is countable.

Claim 1. Let 2,2/ € H and o < o
Fi(va) [7 )—@andF( ) [

xlod =2"1]d.

/

<~ Ifzx|]a=21]a,
,a') = 0 hold, then we have

Proof. Assume that for some z,2’ € H and «,d’ with a < o/ <
= @ pu—

rla=22a F(x,H)N[ad) nd F~ (', H) N [a,

QI/\

o
) 0
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hold but = [ o # 2’ | /. Let oy = min{f < o : z(B) # 2'(B)}.
Note @« < ag < o, z [ ap = @' | ap and z(ag) # 2'(ap). Since
X, 18 a linearly ordered set, we may assume z(ag) < z'(cy), then
x(ap) € E(2' | ag, H) N (¢, 2" (avg)). Tt follows from oy ¢ F~ (2, H)
that E(z' | ag, H) N (+—,2'(a)) = 0, a contradiction. This completes
the proof of Claim 1.

Claim 2. (x)g holds.

Proof. Let a <7,y € [[3., X and x,2" € H(y,0). Then z [ a =2’ |
a, F7(x,H)N[a,y) = 0 and F~(2/, H) N [er,y) = 0 hold, which imply
x =z’ by Claim 1. Thus we have |H(y,0)| < 1. O

Let n € w with n > 0. Assuming (x); for every k < n, we will see
() Solet a <vyandy € []5., Xp. Let

N = U {6 e F(z,H)N[e,y) : F~(z, H) N [, 6) = 0}
reH,xla=y
Notice N C [a, 7). For every § € N, fix x5 € H with x5 [ @« = y such
that 6 € F~ (x5, H) N [a,7) and F~(zs, H) N [, 0) = 0.

Claim 3. If §,0' € N with 6 < ¢, then 25 [ d = 25 [ 4.

Proof. Let §,6' € N with § < §. Since F~(z5,H) N [a,d) = () and
F~(zs, H) N[, 0) = 0, apply Claim 1 with o/ = 9. O

Claim 4. N is countable.

Proof. From Claim 3, we can take v € X with z [ § = x5 [ 0
for every § € N. By the clause (3), it suffices to see {6 € N :
d is not maximal in N.} C F*(z, H). Let § be a member of N which
is not maximal in N. Then we can take 0’ € N with (a <) § < ¢’. It fol-
lows from § € F~ (x5, H)\F~(zs, H) that E(xs [ 6, H)N(+,x5(0)) # 0
and E(zy | 0,H) N («,25(6)) = 0. By x5 | 6 = zy | 0, we see
x5 (0) < x5(d), 80 0 € Ft(zg,H). Now by zg [ (0 +1) =z | (§ +1),
we have 0 € F*(z, H). This completes the proof of Claim 4.

For every 6 € N, the clause (1) ensures that E(zs [ §, H) is count-
able, moreover by the inductive assumption (x),_1, H((xs [ §) “(u), n—
1) is countable for every u € E(zs | §, H). Now by Claim 4, the fol-
lowing claim completes the proof.

Claim 5. H(y,n) C Usen Uuepegism H((@s [6) "(u),n —1).

Proof. Let x € H(y,n) and § = min(F~(z, H) N [a,7)). Note that §
is defined because of x € H(y,n) (so |F~(z,H)N[a,7y)| =n > 0). By
the minimality of J§, we see § € N. Then by |F~(z, H) N [a,7y)| = n,
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we have |[FF~(x, H)N[0+1,7)|=n—1and x € H, so wesee x € H(x |
(04+1),n—1) and z(0) € E(x [ 0,H). Alsonote z [« =y = 25 | «,
F(z,H)N[a,8) =0 and F~ (x5, H) N [a,0) = @. So by Claim 1, we
have z | 6 = x5 | 0, so () € E(xs | §, H), which shows z € H((zs |
d) “(x(d)),n — 1). This completes the proof of Claim 5.

U

The example “X = w* with H = X” obviously shows that “finite”
in Lemma 3.6 (2) cannot be replaced by “countable”.

Corollary 3.7. Let X = Ha<7 X, be a lexicographic product of GO-
spaces and H a subset of X with no cluster points. If the following
clauses hold, then H 1is countable.

(1) E(y, H) is countable for every a <~y andy € [[5_, X3,

(2) J- Cw,

(3) J+ C wy.
Proof. Let X = [Io<, X&: H be a subset of X with no cluster points.
Assume the clauses (1) - (3). It suffices to see (2) and (3) in Lemma 3.6.
To see (3) of Lemma 3.6, assume that F'*(z, H) is uncountable for some
x € X. Then note that H is uncountable and w; < . Since F(x, H)
is an uncountable subset of ~, there is ay < v with w; < o which is a
(0-)cluster point of F*(z, H), that is, wy < ag € Lim, 1 F*(x, H). Let
2= (z [ ap) (max X, : ap < a) and z* be a point in X with z <g z*,
where z can be defined because of J© C w;. Put ay = min{a <
v z(a) # z*(«)}. Then by the definition of z, we have a3 < ap.
Since «yq is a (0-)cluster point of F*(z, H), take ay € F*(x, H) with
a; < ag < ap. Then there is 2/ € H with 2/ [ as =z [ ag (= 2 | ag)
and 2'(a2) > z(ag) (= z(ag)), thus z < 2. Also by oy < an, we see
2 <4 2%, s0 HN(z,2*) # 0, which means that z is a 1-cluster point of
H, a contradiction. (2) is similar. O

There are also an analogous result changed by + and — by — and +
respectively of Lemma 3.6 and Corollary 3.7.

Definition 3.8. A 0-segment A of a GO-space X is said to be station-
ary if Kk := 0-cfx A > w; and there are a stationary set S C k and a
continuous map 7 : S — A such that 7[S] is 0-unbounded in A, see [6].
Similarly the stationarity of 1-segments can be defined.

Lemma 3.9. Let A be a 0-segment of a GO-space X with k := 0-cfx A >
wy. The following are equivalent:

(1) A is stationary,
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(2) there are a stationary set S in k and a 0-order preserving em-
bedding 7 : S — A such that 7[S] is closed and 0-unbounded in
A,

(3) every closed 0-unbounded subset H of A has a cluster point,

(4) every 0-unbounded subset H of A has a (0-)cluster point.

Proof. The equivalences between (1), (2) and (3) are shown in [6,
Lemma 2.7]. (4) = (3) is obvious.

(2) = (4) Assuming (2), fix such a stationary set S and a 0-order
preserving embedding 7. Let H be a O-unbounded subset of A. For
ecach a € S, fix z, € H and f(a) € S with 7(a) <x o <x 7(f(a)).
Then C:={a < k:Va € SNa(f(¢/) < a)} is a club set in . Pick
ap € SNLim(S)NC. Such an ay exists, because S is stationary in x, and
both Lim(S) and C are club. To see that 7(ag) is a O-cluster point of
H, let U be a convex neighborhood of 7(cy). Since 7 is continuous, we
can find § < o with 7[SN (5, a]] C U. From «ap € Lim(S), we can fix
o € S with f < o < ag. Since 7(d) < zoy < 7((f()) < 7(vp) and
U is convex with 7(o/), m(ap) € U, we have o, € HN (U N (=, 7(v))-
So () is a O-cluster point of H. O

Also we have an analogous result of the lemma above. Now we have
the following.

Lemma 3.10. A GO-space X is wi-compact if and only if the following
hold,

(1) X s boundedly w-compact,
(2) if 0-cfx X = wyq, then the 0-segment X is stationary,
(3) if 1-cfx X = wy, then the 1-segment X is stationary.

Now we have prepared to characterize wi-compactness of lexico-
graphic products.

Lemma 3.11. Let X = Ha<7 Xo be a lexicographic product of GO-
spaces. Then X 1is wy-compact if and only if the following clauses hold:
(1) J- CworJ" Cuw,
(2) J- Cwy and J© C wy,
(3) for every ordinal o < v with sup J~ < a and 0-cf X, = wy, in
each of the following cases, the 0-segment X, is stationary,
(i) J* N [l(e), o) =0,
(i) JtNl(a),a) #0 and J- N (, 0] #0,
(iii) JTN[l(a),a) #0 and KT N[, a) £ 0,
where o/ = max(J* N [I(«),«)) in case J© N [l(a), ) # 0.
(4) for every ordinal o < vy with sup J* < « and 1-cf X, = wy, in
each of the following cases, the 1-segment X, is stationary,
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() 7~ A [i(a),) =
(i) J~ N [l(a), )#@andf’ﬂ(a al # 0,
(iii) J~ ﬂ[( Jya) £ 0 and K~ N[, a) # 0,
where o = max(J~ N [l(«),«)) in case J~ N [l(a), ) # 0.
(5) for every o < v with « < min{sup J~,sup J*}, X,, is countable,
(6) for every a < v with supJ~ < a < supJ+t, X, is 0-boundedly
0-wy -compact,
(7) for every a < vy with sup JJ©™ < a < supJ—, X, is 1-boundedly
1-wq -compact,
(8) for every av < «y with max{sup J~,sup J*} < «a, X, is bound-
edly wy-compact.

Proof. Let X =T]

“if” part: Assume all clauses (1) - (8) but that there is an uncountable
subset H of X with no cluster points. We may assume |H| = w;. From
(1), we may also assume J~ C w. From (2), we have J* C w;. By
Corollary 3.7, the following claim completes the proof of this part.

a<’y

Claim 1. For every a <y and y € [[5., X5, E(y, H) is countable.
Proof. First we prove the following fact.

Fact 1. For every a < v with sup J~ < «, and for every y € H5<a Xp
and u € X,, E(y, H) N (<, u)x, is countable

Proof. Assume that there are o < v with supJ~ < a, y € H5<a Xp
and u € X, such that Hy := E(y, H) N (<, u)x, is uncountable. We
divide into 2 cases and their subcases. In each case, we we will get a
contradiction.

Case 1. supJ~ < a <supJ™'.
In this case, the clause (6) shows that Hy has a 0-cluster point w in

X4. Then obviously z :=y "(w)"(min Xz : o < ) is a 0-cluster point
of H, a contradiction.

Case 2. max{supJ ,supJ "} < a.
We further consider 2 subcases.
Case 2-1. 1-cfx, X, # w; or E(y, H) is 1-bounded in X,.

In this case, we can find v’ € X, with H) := HyN (v, —)x, is uncount-
able. It follows from H} C (u’,u) and the clause (8) that H{ has a clus-
ter point w. When w is a 0-cluster point of Hj, x := y "(w)”" (min Xg :
a < f3) is a O-cluster point of H, a contradiction. When w is a 1-cluster
point of H, z :=y "(w)"(max X3 : o < f) is a l-cluster point of H, a
contradiction.
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Case 2-2. 1-cfy, X, = w; and E(y, H) is 1-unbounded in X,.
We further divide into 2 subcases.

Case 2-2-1. Either one of cases (i), (ii) and (iii) of the clause (4)
holds.

Since by the clause (4), the 1-segment X, is stationary, the analogous
result of Lemma 3.9 ensures the existence of a 1-cluster point w of
E(y,H) in X,. Then z := y "(w)"(max Xz : a < () is a 1-cluster
point of H, a contradiction.

Case 2-2-2. None of cases (i), (ii) and (iii) of the clause (4) holds.

From the negation of (i), o = max(J~ N [l(a),a)) is defined. Let
J(y) ={08 < a:3Jue Xz(u<y(p))}, then we have o € J~(y). Since
[/, «v) is a subset of the finite set [I(«), ), we can let a3 = max J ™ (y).
Then [(a) < o < a; < a. From the negation of (ii) and sup J© < a,
we have J* N («/,v) = (). Also from the negation of (iii), we have oy ¢
K=, thus w := max(«,y(a1))x,, exists, that is, w is the immediate
predecessor of y(aq). Let x = (y [ o)™ (w) (max X : a1 < ). To
complete this case, it suffices to see that z is a 1-cluster point of H
(then we have a contradiction). To see this, let 2* € X with < z*
and By = min{a < v : z(a) # z*(a)}. Note Gy < ay. When fy < ay,
we have ) #{z € H:z [ a =y} C (z,2*) N H. So assume [y = ay,
then note y [ oy = = | g = 2" | ag and y(a1) < z*(y). When
ylag) < a*(ay), we have ) # {z € H : z | a = y} C (z,2*) N H.
When y(a;) = z*(ay), by the l-unboundedness of E(y, H), taking
uw € E(y, H) with v/ < 2*(a) and z € H with z | (a«+1) =y (), we
see z € (x,z*) N H.
This completes the proof of Fact 1.

In fact, we have a stronger result:

Fact 2. For every v <y with sup J~ <« and y € [[4_, Xa, E(y, H)
is countable.

Proof. Assume that for some o < y withsupJ~ < aandy € Hﬁm X,
E(y, H) is uncountable. If X, has a maximal element, then by letting
u = max X, in Fact 1, we get a contradiction. If 0-cfx_ X, = w were
true, then taking a 0-order preserving and 0-unbounded sequence {u,, :
n € w}in X,, we see E(y, H) = U,c,(E(y, H) N (<=, uy]) so E(y, H)
is countable by Fact 1, a contradiction. We have seen 0-cfx,_ X, > w;.

Whenever 0-cfy, X, > wy or E(y, H) is 0-bounded in X, then we
have E(y, H) = E(y, H) N (+, u) for some u € X, a contradiction to
Fact 1. Whenever 0-cfy, X, = w; and E(y, H) is O-unbounded in X,,
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then as in Case 2-2 in Fact 1 (using the clause (3) instead of (4)), we
get a contradiction. This completes the proof of Fact 2.

Now, the following fact completes the proof of Claim 1.
Fact 3. For every a < sup J~ and y € [[4_, Xa, E(y, H) is countable.

Proof. Assume that for some o < supJ~ and y € [[;_, Xo, E(y, H)
is uncountable. From the clause (5), we see sup J© < a < supJ~. If
for some u € X,, E(y,H) N (u,—) were uncountable, then by the
clause (7), E(y,H) has a l-cluster point w in X,, therefore z :=
y Mw)Mmax Xg : a < f) is a 1-cluster point of H in X, a contra-
diction. Thus E(y, H) N (u, —) is countable for every u € X,. Then
using an analogous argument in the proof of Fact 2, we see that E(y, H)
is countable, a contradiction. This completes the proof of Fact 3.

This completes the proof of Claim.1

“only if” part: Assume that X is w;-compact and fix ug(«), ui (@) € X,
with ug(a) < uy () for every oo < . We prove (1) - (8).

(1) Assuming both J~ ¢ wand J* ¢ w, fixag € J \wand a; € J\w.
Let Yo = [[,., Xa and Yy = [, ., Xa. Since X = Y5 x Y; (see [5,
Lemma 1.5]) and Y; has neither a minimal element nor a maximal
element, fixing y; € Y1, we see that H = {(y,y1) : y € Yy} has
no cluster points and |H| = |Yp| > 2¥ > wy, a contradiction to wq-
compactness ot X.

(2) Assuming J= ¢ wi, let ap = min(J~ \ wy), Yo = [],.,, Xa and
Y1 = [L,,<a Xa- From the clause (1), we see J* C w therefore Y; has
no minimal elements but has a maximal element. Letting 25 = (ui(a) :
a < BYMug(a) : B < a < wy)(max X, : wy < a) for every f < wy, put
H={x5:0 <w}

Claim 2. H has no cluster points.

Proof. Since H is a 0-order preserving sequence indexed by wj, ob-
viously it has no 1-cluster points. Let z € X. Since X,, has no
minimal elements, we can fix u € X,, with v < z(ay). Letting
y = (2 | ao)"(z | (ap,7))), we see H N (y,2) = 0. Therefore
H has no O-cluster points. This completes the proof of Claim 2.

Since X is wj-compact, we have a contradiction. We have shown
J- Cwy. “JT Cw,” is similar.

(3) Assume that sup J~ < ap and 0-cf X, = wy, but the 0-segment
Xa, 1s not stationary. It follows from Lemma 3.9 that there is a
O-unbounded subset K of X,, with no cluster points. Because of
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0-ct X,, = w1, we may assume that K is a 0-order preserving and
0-unbounded sequence {ug : f < w;} in X, with (<=, ug) # (. In each
cases (i), (ii) and (iii) of (3), we will get a contradiction.

1) J* N [l(ew), ag) = 0.
We consider 2 cases.
Case 1. (o) = 0.

In this case, letting 5 = (max X, : a < ag)(ug) " (min X, : oy <
a) for every 8 < wy, put H = {23 : B < wi}. Since H is O-order
preserving, it has no 1-cluster points. To see that H has no O-cluster
points, let z € X. Whenever z | ap < (max X, : o < «ap) or “z |
ap = (max X, : a < ap) and x(ap) < wy”, obviously we see H N (+—
;) = (. So let us consider the case “z [ ap = (max X, : a < ag)
and uy < z(ap)”. In this case, since K has no (0-)cluster points, we
can take u* € X7 with u* < 2(ap) and K N (u*, (o)) = (). Then by
letting z* = (z | o)™ (") (z | (v,7)), we see H N (z*,2) = 0. So H
is a uncountable subset of X with no cluster points, a contradiction to
wi-compactness of X.

Case 2. [(ag) > 0.

In this case, letting y = (up() : a < l(ap))(max X, : l(ap) < a < ap)
and zg =y "“(ug)(min X, : ap < a) for every < wy, set H = {z3 :
[ < wi}. Obviously H has no 1-cluster points. To see that H has no 0-
cluster points, let x € X. First consider the case “x [ ap > y”. In this
case, let By = min{a < ag : x(a) # y(a)}. Noting By < l(a), let ¢ =
(up(a@) + a < Bo)Mur(a) : By < a < Uew)) (max X, : l(ap) < a < ap).
Then we have y < ¢ < x | ap. Now by letting z = ¢/ “(z | [a0, 7)),
we see z < x and H N (z,z) = (). Next in the case “z | ap < y”, we
obviously have H N (+—, x) = ). Finally consider the case “z [ ap = y”.
Whenever x(ap) < ug, we have H N (+—, ) = (). Whenever z(ap) > uo,
noting that K has no (0-)cluster points, by a similar argument in Case
1, we can find 2* € X with 2* < 2 and H N (z*,z) = 0. These
arguments show that H is an uncountable subset of X with no cluster
points, a contradiction.

(i) J* N [l(ap),ap) # @ and J~ N (a1, ] # O, where a; = max(JT N
[[(a0), a))-

In this case, let ap = max(J~ N (ay, ag)), then note I(ap) < ag < ag <
ag. We consider 2 cases.

Case 1. ay = .
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In this case, note that [, -, Xa has neither a minimal element nor a
maximal element. Fixing y € [] .., Xa, let 25 = y "(ug)" (min X, :
ap < a) for every f < wy. Then H := {zg : f < wi} has no 1-cluster
points. To see that H has no O-cluster points, let x € X. When
x| ap <y, obviously we have H N («—,z) = (. When = | oy > v,
taking z € [[, <o Xa With 2z < z [ [ag,7), we see H N (2, x) = 0,
where @' = (x | ap)"2. When x | oy = y, as above in Case 1 or the
final paragraph of Case 2 in (i), we see that z is not a O-cluster point
of H. So H is an uncountable subset of X with no cluster points, a
contradiction.

Case 2. ay < ap.

In this case, fixing y € [[ ., Xa, let 75 = y "(max X, 1 ap < a <
o)™ (ug) (min X, : ap < a) for every f < wy. Then by a similar
argument as above, we see that H := {xp : f < w;} has no cluster
points, a contradiction.

(iii) J* N [l(w), a0) # 0 and K N [aq, ap) # O, where ag = max(JT N
[[(0), ao))-

In this case, let ap = max(K™ N ]ay,ap)) and fix u € X,, such that
(u, —) is non-empty and has no minimal elements. Note I(ag) < ay <
ay < ap. Fixing y € [[,cq, Xos let 25 = y "(u) (max X, @ g <
a < ag)Mug)M(min X, : ay < «a) for every f < wy. Obviously, H :=
{z5 : p < wi} has no 1-cluster points. To see that H has no 0-cluster
points, let x € X. When z [ ap < y “(u) (max X, : as < a < ap),
we obviously see H N («—,z) = 0. When z [ ap = y "(u)"(max X, :
ay < a < ap), as above in Case 1 or the final paragraph of Case 2 in
(i), we see that z is not a O-cluster point of H. Now we consider the
remaining case “z [ oy > y “(u) (max X, : as < a < ap)”. In this
case, since x | (ag+1) >y (u) and (y "(u), ). <a, X» has 10 minimal
elements, taking z € [],<,, Xo with z [ (ag + 1) > 2z >y "u) and
7 €Tla,ca Xa» wesee z 2/ <z and HN(z "2/, z) = 0, a contradiction.
(4) is similar.

(5) Let ap < min{supJ,supJ*}. Fix g € J~ and oy € J* with
ap < a1 and o < ag. Since X (= Hagao X, % Ha0<aXa) is wi-
compact and [], ., Xo has neither minimal elements nor maximal
elements, {{z} X [[,,caXa : T € [[4cq, Xa} is a discrete collection
of non-empty open sets so [] X, is countable. Therefore X, is
countable.

(6) Assume that sup J~ < ap < sup J* and X, is not 0-boundedly 0-
wi-compact. Take an uncountable 0-bounded subset K of X, with no

a<lap
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O-cluster points. Fixingy € [],.,, Xa, consider H := {y "(u)"(min X, :
ap < ) :u € K}. First to see that H has no O-cluster points, let z € X
and take ug € X, with v < g for every u € K. When = [ ap < y
or “z [ ap = y and z(op) = min X,,”, we have H N (+,z) = 0.
When = [ ag > y, letting 2’ = y "(ug)(min X, : ap < ), we see
¥ <xand HN (2/;2) = 0. When z | ap = y and z(ap) # min X,,,
taking u* € X3 with u* <x: z(ao) and K N (u*,z(a))xz, = 0, we
see |[HN ((z | ag)™(u)(z | (a0,7)),x) 5| < 1. Therefore H has no
O-cluster points in X.

Next to see that H has no 1-cluster points, let z € X and fix a; € J©
with ap < ;. Also fix u € X, with z(a;) < u. Letting 2/ = (z |
ar) “u)Mx | (c1,7)), obviously we see z < 2/ and H N (z,2") = 0.
Therefore H has no 1-cluster points in X. (7) is similar to (6).

(8) Assume that max{sup J~,sup J"} < ap and X,, is not boundedly
wi-compact. Take an uncountable bounded subset K of X,, with no
cluster points and fix ug, u; € X,, with vy < uy and K C [uo,ul]X%.
Fixing y € [[,cq, Xo and 2 € [],o,, Xa, consider H := {y "(u)"z :
u € K}. To see that H has no O-cluster points, let x € X. When

(ap + 1) <y "(uyg), obviously |H N («—,z)| < 1. When = [ (ap +
1) > y ™(uy), obviously y "(u1)"(max X, : ap < a) < x and H N
(y M(up)(max X, : ap < a),z) = . Let us consider the remaining case
“y Muo) < [ (ap+1) <y™(uw)”, thatis, z [ ap =y and up < z(ag) <
uy. Since K has no (0-)cluster points and (+—,x(ag)) # 0, there is
u* € X} with u* < 2(ap) such that K N (u*, 2(ag)) = . Then we can
check y “(u*)"(max X, : ap < a) < z and |H N (y "(u*)"(max X, :
ay < a),z)] < 1. Similarly we can check that H has no 1-cluster
points. [

4. THE LINDELOF PROPERTY OF LEXICOGRAPHIC PRODUCTS

We have characterized “having countable closed 0(1)-cofinality” and
wi-compactness of lexicographic products in the sections above. Also
we have seen that there are some common or similar clauses in these
characterizations. Using Lemma 1.4 and combining these characteriza-
tions, we can characterize the Lindelofness of lexicographic products.

Theorem 4.1. Let X =[], X be a lexicographic product of GO-
spaces. Then X is Lindelof if and only if the following clauses hold:
(1) J- CworJ" Cuw,
(2) J- Cwy and J* C wy,
(3) for every ordinal o < v with sup J~ < a, the following hold:
(a) X4 has countable 0-bounded closed 0-cofinality,
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(b) in each of the following cases, 0-cf X, < w holds,
(i) TN [l(e), o) =0,
(i) JTNl(a),a) #0 and J- N (!, a] #0,
(iii) JTN[l(a),a) #0 and KT N[/, a) # 0,
where o/ = max(JtN[l(a), @) in case JTN[l(a), o) #
0.
(4) for every ordinal o < v with sup J© < a, the following hold:
(a) X, has countable 1-bounded closed 1-cofinality,
(b) in each of the following cases, 1-cf X, < w holds,
() 7~ N [i(a),a) = 0,
(i) J-N(a),a) #0 and J" N (!, a] # 0,
(iii) J-N[l(a),a) #0 and K~ N[, a) # 0,
where o = max(J - N[l(a), ®)) in case J-N[l(a), ) #
0.
(5) for every o < v with « < min{sup J—,sup J"}, X, is countable,
(6) for every a < v with supJ~ < a <supJ', X, is 0-boundedly
0-w1-compact,
(7) for every a < v with sup J* < a < supJ~, X, is 1-boundedly
1-wq-compact,
(8) for every a < «y with max{sup J~,sup J*} < o, X,, is bound-
edly wi-compact.

Proof. “only if” part: Assume that X is Lindelof, then by Lemma 1.4,
all clauses in Lemma 2.2, 2.3 and 3.11 hold. So all clauses (1) - (8) of
this theorem hold.

“if” part: Assume all clauses above. It suffices to see all clauses in
Lemma 2.2, 2.3 and 3.11. Note that the clause (3b) of this theorem
implies the clause (3) of Lemma 3.11. It suffices to see the following
claim.

Claim. The following hold:

(1) the clauses (5) and (7) in this theorem imply the clause (3) of
Lemma 2.2,

(2) the clauses (5) and (6) in this theorem imply the clause (3) of
Lemma 2.3.

Proof. We only prove (1), since the other is similar. Let o < sup J—
and Ay be a 0-segment of X,,. We will check 0-cf A4yg < w. When-
ever o < supJ*, from (5), we obviously have 0-cf Ay < w. Now let
sup Jt < ag < supJ~ and assume A := 0-cf Ag > w;. Take a 0-order
preserving and 0-unbounded sequence H := {ug : f < A} in Ay with
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(¢, up) # 0. Then H has no 1-cluster points, a contradiction to (7) in
this theorem. This completes the proof of Claim.
U

5. APPLICATIONS

In this section, we apply the results in the previous sections. We first
apply to the special case that all GO-spaces X,’s have both minimal
and maximal elements.

Corollary 5.1. Let X = Ha<7 X, be a lexicographic product of GO-
spaces and assume that all X,’s have both minimal and mazximal ele-
ments, that is, J- = JT = ().
(I) X has countable closed 0-(1-)cofinality if and only if all X,’s
have countable closed 0-(1-, respectively)cofinality,
(IT) X is wi-compact if and only if all X,’s are w-compact,
(IIT) X s Lindeldf if and only if all X, ’s are Lindeldf.

Proof. To (I), check all clauses in Lemma 2.2 (Lemma 2.3, respectively).
Other clauses are similar (for (III), use Lemma 1.4). O

Note that one direction of (III) in the corollary above is Theorem
2.10 in [11], also the other direction gives an affirmative answer to (Q1)
in the Question 1.1.

Example 5.2. From Corollary 5.1, we see the following.
(1) The lexicographic products ([0,1]r U (2,3]g)” and [0,1]¢ are
Lindelof for every ordinal ~.
(2) The lexicographic product (w; + (—wi))? does not have count-
able closed 0-(1-)cofinality, but is w;-compact for every ordinal
.
Next, we consider the case that all GO-spaces X,’s have neither
minimal nor maximal elements. In the following corollary, note

7y if 7 is limit,
supy =
P v—1 if 7 is successor,

where v — 1 denotes the immediate predecessor of a successor ordinal
~. In the following, remember that we are assuming v > 2.

Corollary 5.3. Let X = ]_[Oé<7 X, be a lexicographic product of GO-
spaces and assume that all X,’s have neither minimal nor maximal
elements, that is, J~ = JT = 7.
(I) X has countable closed 0-(1-)cofinality if and only if the follow-
ing hold:
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(1) v <wi,
(2) if v is successor, then the following hold:
(a) X,_1 has countable closed 0-(1-, respectively)cofinality,
(b) for every a <y —1, X, has countable 0-(1-, respec-
tively)cofinality,
(3) if v is limit, then for every a < 7, X, has countable 0-(1-,
respectively) cofinality,
X is wi-compact if and only if the following hold:
(1) v <Sw,
(2) if v < w, then the following hold:
(a) X,_1 is wy-compact,
(b) for every a <~y —1, X, is countable,
(3) if v = w, then for every o < vy, X, is countable,
(IIT) X is Lindeldf if and only if the following hold:
(1) v <w,
(2) if v < w, then the following hold:
(a) X,_1 is Lindeldf,
(b) for every a <~ —1, X, is countable,
(3) if v = w, then for every a <y, X, is countable.

(IT)

For the proof of (2a) in (II) above, use Lemma 3.10. Also for the
proof of (2a) in (III) above, use Lemma 1.4. From this corollary, we see
that whenever all X,’s have neither minimal nor maximal elements,

e if v = w, then the lexicographic product [],_., X, is wi-compact
if and only if it is Lindelof,

e if v > w, then the lexicographic product []
compact,

o if Ha<7 X, is Lindeldf, then v < w and all X,’s are Lindeldf.

a<y

o<y X, is not ws-

Example 5.4. From Corollary 5.3, we see the following.

(1) Each of the lexicographic products (0,1)%, ((0,1]r U (2,3)r)7,
(0,1)d, R” and S” has countable closed 0-cofinality if and only
if v < w;. Note that (0,1)g, (0,1]gr U (2,3)g, (0,1)s, R and S
are Lindelof.

(2) Each of the lexicographic products (0,1)%, ((0,1]gr U (2,3)r)?,
(0,1), RY and S” is not wy-compact (if v > 2).

(3) Each of the lexicographic products Z" and Q" has countable
closed 0-cofinality if and only if v < wy, where Z and Q denote
the LOTS’s of all integers and rationals respectively.

(4) Each of the lexicographic products Z? and Q7 is wy-compact if
and only if v < w.
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(5) The lexicographic product ((—wi) + w;)? is not w;-compact,
whereas (—wj) + w; is wi-compact but does not have countable
closed 0-cofinality.

(6) The lexicographic product Z X ((—w;) + wq) is wi-compact but
not Lindelof.

Finally, we consider the special case “J~ = ().

Corollary 5.5. Let X = Haq Xo be a lezicographic product of GO-
spaces and assume that all X, ’s have minimal elements, that is, J= =

0.
(D)o X has countable closed 0-cofinality if and only if the following

hold:
(1) for every a < 7, X, has countable 0-bounded closed 0-
cofinality,
(2) for every o < =y, in each of the following cases, 0-cf X, < w
holds,
(i) Jtn[l(a),a) =10,
(i) JTN[l(a),a) #0 and KT N/, a) # 0,
where o/ = max(JTN[l(«),@)) in case JTN[l(a), a) #
0.
()1 X has countable closed 1-cofinality if and only if the following
hold:
(].) J+ C wr,

(2) for every a < sup J*, X, has countable 1-cofinality,
(3) for every a < v with sup J© < o, X, has countable closed
1-cofinality,
X is wi-compact if and only if the following hold:
(1) Jt C w1,
(2) for every av <~y with 0- cf X, = wyq, in each of the following
cases, the 0-segment X, s stationary,
(i) J"nli(a),a) =0,
(i) JTN[l(a),a) # 0 and KT N[/, a) # 0,
where o = max(JTN[l(a),®)) in case JTN[l(a), ) #
0.
(3) for every a < sup J*, X, is 0-boundedly 0-w,-compact,
(4) for every a < v with supJ* < «, X, is boundedly w;-
compact,
X is Lindelof if and only if the following hold:
(1) Jt C Wi,
(2) for every a < 7,
(a) X, has countable 0-bounded closed 0-cofinality,
(b) in each of the following cases, 0-cf X, < w holds,

(IT)

(I11)
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() 7" i), a) =0,

(i) JTNi(a), )#(Z) and KT N[o/,a) # 0,
where o = max(J* N [l(a),a)) in case JT N
[[(a), ) #@-

(3) for every a < sup J*, X, is 0-boundedly 0-w;-compact,
(4) for every a < vy with sup J© < o, X,, has countable closed
1-cofinality and is boundedly wy-compact.

The corollary above and Example 3.4 (3) & (4) give the following:

Corollary 5.6. Let X =[]
spaces of ordinals.

acry Xa be a lezicographic product of sub-

(I)g X has countable closed 0-cofinality if and only if for every a <
Vs
(1) X, has countable 0-bounded closed 0-cofinality,
(2) if JtN[l(), ) =0, then 0-cf X, < w holds,
()1 X has countable closed 1-cofinality if and only if J© C wy,
(IT) X is wi-compact if and only if the following hold:
(1) Jt C w1,
(2) for every a < v with 0-cf X, = w1, if J* N [l(a), ) = 0,
then the 0-segment X, s stationary,
(3) for every o < vy, X, is boundedly wy-compact,
(IIT) X is Lindeldf if and only if the following hold:
( ) Jt C w1,
(2) for every a < 7,
(a) X, has countable 0-bounded closed 0-cofinality,
(b) if JtN[l(a), ) =0, then 0-cf X, < w holds.

Proof. (I)g, (I); and (II) follow from the corollary above. (III) follows
from the fact that if a subspace of an ordinal has countable 0-bounded
closed O-cofinality, then it is boundedly w;-compact (modify the proof
of Corollary 1.6). O

Corollary 5.6 (IIT) extends Theorem 3.2 and 3.3 in [11].
The following corollary generalizes Corollary 1.6.

Corollary 5.7. A lexicographic product [, . Xa of subspaces of ordi-
nals is Lindelof if and only if it has both countable closed 0-cofinality
and countable closed 1-cofinality. Moreover, whenever J* C wy, Ha<7 X,
1s Lindelof if and only if it has countable closed 0-cofinality.

In particular, we see the following.

Corollary 5.8. Let X =]
nals.

a<y Xa be a lexicographic product of ordi-
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(I)o X has countable closed 0-cofinality if and only if for every a <
v, if TN [l(«),a) =0, then cf X, < w holds,

(I); X has countable closed 1-cofinality if and only if J* C wy,

(IT) X is wy-compact if and only if J© C wy,

1) X is Lindelof if and only if the following hold:
(].) J+ C wr,
(2) for every a <y, if JTN[l(a), ) = 0, then cf X, < w holds,

(

Thus we have:

Corollary 5.9. A lexicographic product of ordinals has countable closed
1-cofinality if and only if it is wi-compact.

When all X, ’s are limit ordinals, we have:

Corollary 5.10. Let X =[]
ordinals.

acy Xa be a lezicographic product of limit

(I)g X has countable closed 0-cofinality if and only if for every a <
v, if a 15 0 or limit, then cf X, = w holds,
(I)1 X has countable closed 1-cofinality if and only if v < wy,

therefore X is Lindelof if and only if v < wy and for every a < 7, if «
is 0 or limit, then cfX, = w holds.

Example 5.11. From Corollaries above, we see the following.

(1) The lexicographic product [0, 1)} has countable closed O-cofinality
for every ordinal . But it has countable closed 1-cofinality
(is wi-compact, is Lindelof) if and only if v < wy. Also the
lexicographic product [0, 1)z" x [0, 1]3* has countable closed 1-
cofinality.

(2) The lexicographic product ([0, 1)g %[0, 1]g)” has countable closed
O-cofinality for every ordinal . But it has countable closed 1-
cofinality (is wj-compact, is Lindel6f) if and only if v < w;.

(3) The lexicographic product [0, 1)g! x [0, 1]g" is Lindeléf. But the
lexicographic product [0, 1]z x [0, 1)g' is not Lindeldf.

(4) The lexicographic product [0,1)2 is Lindelof from (1). But the
lexicographic product [0, 1)2 is not w;-compact because [0, 1)s
is not 0-boundedly 0-w;-compact (see (3) of Corollary 5.5 (II)).

(5) The lexicographic product [1,0)%g is Lindelof (use Corollary 5.5
(IIT)), analogously (0, 1J3 is Lindelof.

(6) The lexicographic product (w x wp)? has countable closed 0-
cofinality for every ordinal . But it has countable closed 1-
cofinality if and only if v < wy. Thus it is Lindel6f (w;-compact)
if and only if v < wy.
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(7) The lexicographic product (w; X w)? does not have countable
closed 0-cofinality for every ordinal v > 1. But it has countable
closed 1-cofinality (w;-compact) if and only if v < wy.

(8) The lexicographic products (w X wy X (wy + 1))“* and ((wy +
1) X w X wy)** are also Lindel6f. But the lexicographic products
(w1 X w x (w1 +1))? and ((w; + 1) X wy X w)? are not Lindeldf.

(9) The lexicographic product w x wy X (wy+1) X w; is Lindel6f. But
the lexicographic product w x wy X [0, 1]g X w; is not Lindelof
(use Corollary 5.5 (III) (2bii)).

(10) The lexicographic product ], .., wa is Lindelof, moreover the
lexicographic product [, waX [],, <acw,(@Wa+1) is also Lin-
delof. But the lexicographic products [ ], <oy Wat1 and IL, <oy War
are not Lindel6f (use Corollary 5.10).

(11) Let L(w;) denote the lexicographic product wy x [0, 1)g, which is
called the Long line of the length wy, then obviously L(w; ) is w;-
compact but not Lindel6f. Moreover the lexicographic product
L(w)" is wi-compact if and only if v < w; (apply Corollary
5.5(11) for (wy x [0,1)g)7).

It is known in [8, Corollary 4.4] that if a lexicographic product
1L, < Xa of GO-spaces is connected, where 7 is a limit ordinal and
for each a@ < v, X,, has a minimal element but does not have maximal
elements, then all X,’s are not connected. In this connection, we would
like to ask:

Question 5.12. In some special situations on a sequence {X, : a <
v} of GO-spaces, can the assumption that the lexicographic product
[ o<, Xa of GO-spaces is Lindelof imply that all X,,’s are not Lindel6f?

REFERENCES

[1] R. Engelking, General Topology-Revised and completed ed.. Heldermann Ver-
lag, Berlin (1989).

[2] M. J. Faber, Metrizability in generalized ordered spaces, Mathematical Centre
Tracts, No. 53. Mathematisch Centrum, Amsterdam, 1974.

[3] Y. Hirata and N. Kemoto, The weight of lexicographic products, Top. Appl.,
284 (2020) Article 107357.

[4] Y. Hirata and N. Kemoto, A characterization of paracompactness of lexico-
graphic products, Top. Proc., 56 (2020) 219-236.

[5] N. Kemoto, Lexicographic products of GO-spaces, Top. Appl., 232 (2017), 267-
280.

[6] N. Kemoto, Paracompactness of Lexicographic products of GO-spaces, Top.
Appl., 240 (2018)35-58.

[7] N. Kemoto, Hereditary paracompactness of lexicographic products, Top. Proc.,
53 (2019) 301-307.



36 YASUSHI HIRATA AND NOBUYUKI KEMOTO

[8] N. Kemoto, Completeness of lexicographic products of GO-spaces , Top. Proc.,
58 (2021) 105-123.

[9] K. Kunen, Set Theory. An Introduction to Independence Proofs, Studies in
Logic and the Foundations of Mathematics, vol. 102, North-Holland, Amster-
dam, 1980.

[10] D.J. Lutzer, On generalized ordered spaces, Dissertationes Math. Rozprawy
Mat. 89 (1971).

[11] M. Lei and X. Yanqin Lindeldfness of lexicographic products of GO-spaces,
Top. Appl. 314 (2022), Paper No. 108110, 9 pp.

[12] T. Miwa and N. Kemoto, Linearly ordered extensions of GO-spaces, Top. Appl.,
54 (1993), 133-140.

DEPARTMENT OF MATHEMATICS, KANAGAWA UNIVERSITY, YOKOHAMA, 221-
8686 JAPAN
E-mail address: hirata-y@kanagawa-u.ac. jp

DEPARTMENT OF MATHEMATICS, OITA UNIVERSITY, OITA, 870-1192 JAPAN
E-mail address: nkemoto@cc.oita-u.ac. jp



