PARACOMPACTNESS OF LEXICOGRAPHIC
PRODUCTS OF GO-SPACES
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ABSTRACT. It is known that lexicographic products of paracom-
pact GO-spaces are also paracompact, see [4, 5]. On the other
hand, a paracompact lexicographic product of non-paracompact
LOTS’s is known, see [4]. In [5], it is asked when lexicographic
products of GO-spaces are paracompact.

In this paper, paracompactness of lexicographic products of two
GO-spaces is characterized. This characterization correct a mis-
stated result in [11]. Using this characterization, for instance we
see about lexicographic products:

e w; X S and (—wjy) X S are paracompact, but S x w; is not
paracompact,

(—w1) x [0,1)g and wy x (0,1]r are paracompact but w; X
[0, 1)k is not paracompact,

for a GO-space X, X is paracompact iff so is X" for every
(some) n € w with 1 < n iff so is (—X) x X,

for ordinals o and 8, a x 3 is paracompact iff so is (=) x a,
for subspaces Xy and X; of wy, Xo x Xy is paracompact iff
so is (—X7) x Xo,

where S and [0,1)g denote the Sorgenfrey line and the interval
[0,1) in the real line R, respectively, moreover —X denotes the
reverse GO-space (X, >x,7x) of X when X = (X, <x,7x) is a
GO-space.

Also we characterize paracompactness of lexicographic products
of any length of ordinal subspaces, as corollaries, we see about
lexicographic products of ordinal subspaces:

o WX WY, wXwy x(w+1)Xwxwy,wr T xwy, wxw x

wXwy X -+ and [[, ., wa are paracompact,
o WY X W2 WX WY X (w+1)Xwy, w XwXw XwX -,
w X wY, wf X w* and Ha§w1 wq are not paracompact.

e whenever each X, is an uncountable subspace of wy, the lex-
icographic product X =[], . X, is paracompact iff X, is
not stationary for every o with o = 0 or limit a.
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1. INTRODUCTION

All spaces are assumed to be regular T} and have cardinality at least
2. In particular, about a product [], < Xa, all Xy are assumed to
have cardinality at least 2. Cly B denotes the closure of a subset B in
a topological space X. w and w; denote the first infinite ordinal and
the first uncountable ordinal, respectively. For a subset S of a regular
uncountable cardinal &, Lim(S) denotes the set {a < k : sup(S N
«) = a}, that is, the set of all cluster points of S in x, where sup ) is
defined to be —1, which is considered to be the immediate predecessor
of the ordinal 0. Note that Lim(x) is the set of all limit ordinals less
than k. Succ(k) denotes the set of all non-limit ordinals in , that is,
Succ(k) = K\ Lim(rk).

It is known that lexicographic products of paracompact LOTS’s are
also paracompact, see [4]. In [5], the notion of lexicographic products
of GO-spaces is defined and the result above is extended for lexico-
graphic products of paracompact GO-spaces. Obviously, if the usual
Tychonoff product [], - Xa of topological spaces is paracompact, then
each factor X, is paracompact. However this is not true for the lexi-
cographic products, see Example in page 73 in [4]. In [5], it is asked
when lexicographic products of GO-spaces are paracompact. In this
paper, paracompactness of lexicographic products of two GO-spaces is
characterized, also paracompactness of lexicographic products of any
length of ordinal subspaces is characterized.

In the remaining of this section, we prepare various notions which
will be used. A linearly ordered set (X, <x) (see [2]) has a natural T5-
topology, so called the interval topology, denoted by Ax or A(<x) which
is the topology generated by {(+—,z)x : x € X} U {(z,—=)x : z € X}
as a subbase, where (z,—)x = {w € X : 2 <x w}, (z,y|lx = {w €
X:z<yw<yxuy} ..., etcand w <x x means w <y = or w = x. We
usually write < and (z,y] instead of <x and (z,y]x respectively. The
triple (X, <y, Ax) is called a LOTS (= Linearly Ordered Topological
Space) and simply denoted by LOTS X.

Unless otherwise stated, the real line R is considered as a linearly
ordered set (hence LOTS) with the usual order, similarly so are the set
Q of rationals, the set IP of irrationals and an ordinal «.

A generalized ordered space (= GO-space ) is a triple (X, <x, Tx),
where <x is linear order on X and 7x is a T topology on X which
has a base consisting of convex sets, also simply denoted by GO-space
X, where a subset B of X is convex if for every z,y € B with x <x v,
[z,y]x C B holds. For LOTS’s and GO-spaces, see also [10]. It is easy
to verify that the topology 7x as described above is stronger than the
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interval topology Ax. Let
Xp={reX: (<2 ¢ \x}, Xp={re X :[z,—) ¢ \x}.

Also let
X[ ={reX:(«, 2]x € 7x \ Ax},

X ={reX:[z,=)x €x \ Ax}.

Obviously X C Xg and X C Xp. When contexts are clear, we
usually simply write X+ and X~ instead of X and X_ . Note that
X isa LOTS iff XTU X~ =0. For A C Xy and B C Xy, let 7(A, B)
be the topology generated by {(+—,z)x : x € X} U{(z,—)x : = €
X} U{(+,2]x : x € A} U{[z,—)x : x € B} as a subbase. Obviously
7x = 7(X T, X7) whenever X is a GO-space, and also 7(A, B) defines
a GO-space topology on X whenever X is a LOTS with A C Xy and
B C X|. The Sorgenfrey line S is (R, <g, 7(0,R)) (i.e., the half open
intervals of type [a,b)r are declared to be open) and the Michael line
M is (R, <g, 7(P,P)). These spaces are GO-spaces but not LOTS’s.

Let X be a GO-space (X, <x,7x) and Y C X, then “the subspace
Y of a GO-space X” means the GO-space (Y, <x[| Y,7x [ Y), where
<x|Y is the restricted order of <x on Y and 7x [ Y ={UNY : U €
TX}.

Now for a given GO-space X, let

X*= (X" x{-1}) U (X x{0}) U (X* x{1})

and consider the lexicographic order <y, on X* induced by the lex-
icographic order on X x {—1,0, 1}, here of course —1 < 0 < 1. We
usually identify X as X = X x {0} in the obvious way (i.e., z = (x,0)),
thus we may consider X* = (X~ x {—1}) UX U (X* x {1}). Note
(¢, 2]lx = («, (2,1))x+NX € A(<x+) | X whenever x € X, and also
its analogy. Then the GO-space X is a dense subspace of the LOTS
X*, and X has a maximal element (for short, we say “X has max”) iff
X* has max, in this case, max X = max X* (and similarly for min). It
is known that X* is the smallest LOTS which contains the GO-space
X as a dense subspace, see [9, 5, 6]. Note S* = R x {0} UR x {—1} with
the identification S = R x {0} and M* =P x {-1}UR x {0} UP x {1}
with the identification Ml = R x {0}.

Definition 1.1. [5] Let X, be a LOTS for every o < v and X =
Haq Xa, where v is an ordinal. When v = 0, we consider as Ha<,7 Xo =
{0}, which is a trivial LOTS, for notational conveniences. When v > 0,
every element x € X is identified with the sequence (z(a) : o < 7).
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Recall that the lexicographic order <x on X is defied as follows: for
r,x' € X,

x <x 2’ iff for some a <7,z | a=2" | @ and z(a) < 2'(a),

where [ a = (z(8) : f < a). Then X = (X, <x,\x) is a LOTS and
called the lexicographic product of LOTS’s X, ’s.
Now let X, be a GO-space for every a < v and X =[]

a<y Xa- Then
the lexicographic product X = Haq X2, which is a LOTS, can be
defined. The lexicographic product of GO-spaces X,’s is the GO-space
(X, <4 X,A¢ | X). The lexicographic product of two GO-spaces
is defined in [11] in a defferent manner, but it is not difficult to see
that these notions are equivalent when v = 2. When n € w, then
[1;-,, Xi is denoted by Xy x Xy x --- x X,,_1. [[,c, Xi is also denoted
by Xo x X7 x ---. If all X,’s are X, then Ha<7 X, is denoted by X7.

Let X and Y be LOTS’s. A map f : X — Y is said to be order
preserving or 0-order preserving if f(x) <y f(z') whenever z <x a'.
Similarly a map f : X — Y is said to be order reversing or 1-order
preserving if f(x) >y f(z') whenever x <x 2’. Obviously a 0-order
preserving map f : X — Y between LOTS’s X and Y, which is onto,
is a homeomorphism, i.e., both f and f~! are continuous. But when
X =S and Y = M, the identity map is O-order preserving onto but
not a homeomorphism.

So now let X and Y be GO-spaces. A 0-order preserving map
f X — Y is said to be 0-order preserving embedding if f is a home-
omorphism between X and f[X], where f[X] is the subspace of the
GO-space Y. In this case, we can identify X with f[X] as a GO-space
and write X = f[X].

2. PARACOMPACTNESS OF GO-SPACES

Remark the following result:

Lemma 2.1. Let X be a GO-space, then the following are equivalent:
(1) X is paracompact,
(2) for every gap and pseudo-gap (Ag, A1), both Ay and Ay have an
unbounded (see the definition below) closed discrete subset, see
4),
(3) there is no closed subspace X which is homeomorphic to a sta-
tionary set of a reqular uncountable cardinal, see [3].

In this section, for later use, we investigate the relationship between
(2) and (3) in the lemma above. A subset of a regular uncountable
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cardinal k is called stationary if it intersects with all closed unbounded
(=club) sets in &.

Definition 2.2. Let X be a GO-space. A subset A of X is called an
initial segment or a 0-segment of X if for every z, 2’ € X with x < 2/, if
2’ € A, then x € A. Similarly a subset A of X is called a final segment
or a 1-segment of X if for every z,2’ € X with x < 2/, if z € A, then
2’ € A. Both () and X are O-segments and 1-segments. A 0-segment
A is said to be bounded if X \ A is non-empty. Note that if A is a
0-segment, then X \ A is a 1-segment.

Let A be a 0-segment of a GO-space X. A subset U of A is unbounded
in A if for every x € A, there is 2’ € U such that z < /. Let

0-cfx A =min{|U| : U is unbounded in A.}.

0-cfx A can be 0,1 or regular infinite cardinals. Obviously if U is
an unbounded subset of a 0-segment A with x = 0-cfx A, then by
induction, we can construct a 0-order preserving (i.e., a < f — a4 <
ag) unbounded sequence {a, : @ < k} C U such that for each a < &,
supy{ag : B < a} < a, if supy{ag : f < a} exists, where supy B
denotes the least upper bound of a subset B of X in X. 1-cfx A can
be similarly defined whenever A is 1-segment. If contexts are clear,
0-cfx A is denoted by 0-cf A. For more details, see [5].

Definition 2.3. A 0-segment A of a GO-space X is said to be station-
ary if k := 0-cf A > w; and there are a stationary set S of xk and a
continuous map 7 : S — A such that 7[S] is unbounded in A (we say
such a 7w “an unbounded continuous map”). Stationarity of 1-segment
is similarly defined.

Lemma 2.4. Let A be a 0-segment of a GO-space X with k := 0-cf A >
wy. If there are a stationary set S of k and an unbounded continuous
map w: S — A, then:

(1) for every x € A, Sy :=={a € S:7w(a) < x} is non-stationary,

(2) for every club set C' in k, w[S N C| is unbounded in A,

(3) there is a club set C in K such that w [ (SNC):SNC — A is
a 0-order preserving embedding such that [SNC|] C {z € A :
x € Clx(+,2)}.

Proof. Note that = ¢ Clx(«+,z) iff [z, —) is open.

(1) Let z € A and fix ap € S with < (). Then obviously the size
of 8" :={a e S:m(lay) < m(a)} is k. Assume that S, is stationary in
K, then S, NLim(5’) is stationary. Take o € S, NLim(S") with ap < av.
Since (o) < o < w(ap) and 7 is continuous, there is f* < « with
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ap < p* with 7[S N (8% a]] C («,7(ap)). Take 5 € S"N (5%, ), then
m(B) < m(ap) < 7(p), a contradiction.

(2): Assume that there is a club set C' in & such that 7[S' N C] is not
unbounded in A. Take o € S with #[S N C] C (+,m(a))x. Then we
have SN C C Sr(a), this contradicts (1).

(3): From (1), take a club set C, disjoint from Sy (), for every a € S.
The following claim is easy to prove.

Claim 1. 7 [ (SN AaesCy) is 0-order preserving, where A,esCy
denotes the club set {8 < r: 8 € (505 Cat-

Let C* = (AnesCq) NLIM(S N AngesCy). Then C* is a club set.
Claim 2. 7" :=7 [ (SNC*) : SNC* — A is an embedding.

Proof. 1t suffices to see that 7'~! is continuous. Let o € S N C* and
a* < a. We will see 7[S N C* N (a*, a]] is a neighborhood of 7(«) in
©[SNC*]. Tt follows from o* < o € C* C Lim(S N AyesCl) that there
is g € SN DuesCo N (a*,a). By a € SNC* C SN AyesC, and
Claim 1, we have m(ag) < m(«). Let oy = min{f € SNC*: a < f},
then by Claim 1 7(«) < 7(ay) holds. Then it is straightforward to see
(m(ap), m(cn)) N[ SNC* Cw[SNC* N (a*, af]. O

Now let B = {a € SNC* : w(a) ¢ Clx(«,7m(a))}. For every
a € B, since 7(«) is an isolated point in 7[S N C*| and 7 | (SN C*) is

embedding, « is also an isolated point of S N C*. Therefore there is a
club set D disjoint from B, then C' := C* N D satisfies (3). O

Lemma 2.5. Let A be a 0-segment of a GO-space X with k := 0-cf A >
wy. If there are a stationary set S of k and a 0-order preserving and
unbounded embedding w : S — A, then there is a subset T of k with
S C T and a 0-order preserving embedding o : T — A extending 7
such that o[T] is closed in A

Proof. Let Ty = {a € Lim(S)\ S : supy w[SNa] exists and supy 7[SN
a) € Clx n[S N a]}. Moreover let T'= S U Ty and for each a € T', let

() ifaes,
ola) = ‘
supy T[S Nal if a € Tp.
Note Lim(7") = Lim(.S). We will check that 7" and o are as desired.
Claim 1. 0 : T — A is 0-order preserving

Proof. First let a € Ty. Pick ag € S with o < . Then m(cy) is an

upper bound of 7[S N ], therefore we have o(a) < m(ap) € A. Since

A is 0-segment, o(a) € A holds. This shows that ¢ maps into A.
Next, to see that o is 0-order preserving, let o, ay € T with ag < .
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Case 1. For some f € 5, ag < B < .
In this case obviously, we have o(ag) < 7(5) < o).
Case 2. Otherwise.

In this case, obviously we have ag € Ty. If a; € Ty were true, then for
some € SNay, ap < B < aq, a contradiction. Thus we have a; € S.
Since () is an upper bound of 7[S N ayl, we have o(ay) < 7(ay) =
o(ar). If o(ag) = o(ay) were true, then m(ay) = o(ag) € Clx w[SNap)
holds, thus 7(ay) € Clyg 7[S N ). Since 7 is an embedding, we have
a; € Clg(S Nay), a contradiction. Thus we have o(ap) < o(ay). O

Claim 2. For every o € T, o € S\ Lim(5) if and only if o(«) is
isolated in o[T].

Proof. Note T'\ Lim(T") = S\ Lim(5).
The “if” part: Assume that o € T and o(«) is isolated in o[T'], then
by the construction, we have o ¢ ToU(SNLim(.S)) thus o € S\ Lim(S).
The “only if” part: Let o € S\ Lim(S) and set oy = sup(S N «).
Then ap < o and T N (o, ) = 0. Let oy = min(T N (v, k)), then by
Claim 1, we have o(a) < o(aq).
Case 1. ag € S.
In this case {o(a)} = (o(ap),o(a)) NalT].
Case 2. ag ¢ S.

In this case, SNa = SNag and oy € Lim(S) hold. There are two
subcases.

Case 2-1. ag € Tj.

In this case, by Claim 1, o(a) > o(ag) = supy 7[SNap| = supy w[SNal.
Therefore we have {o(a)} = (0(ap),o(aq)) Na[T].

Case 2-2. oy ¢ Tp.
Moreover we consider two subcases.
Case 2-2-1. supy 7[S N ay] does not exist.

Since () is an upper bound of w[SNay), there is z < m(«) such that
is upper bound of 7[S N ag]. Then we have {o(a)} = (z,0(a1)) Na[T].
Case 2-2-2. supy 7[S N ay] exists.

In this case, it follows from ag ¢ T that supy 7[SNay] ¢ Clx 7[SNay).
Let © = supy m[S N o), then z < 7(a). When z < m(a), we have
{o(a)} = (z,0(aq)) N o[T]. When z = 7(a), by = ¢ Clx7[S N al,
[#,—) is open in X. Therefore we have {o(a)} = [z,0(an))No[T]. O
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Claim 3. ¢[T] is closed in A.

Proof. Let « € A\ o[T] and oy = min{aw € T : © < o(a)}. Note
r < o(ar). When TNay = 0, (+,0()) is a neighborhood of x
disjoint from o[T]. So we may assume T'Nay # ), then note SNay # 0.
Since z is an upper bound of o[T N ], = is also an upper bound
of m[S N ay]. Since o(ay) is isolated in o[T] because of {o(ay)} =
(z,min(7' N (a1, k))) No[T], by Claim 2 we have o € S\ Lim(95). Let
«a = sup(S N ay), then note a < oy and (o, q) NT = .

Case 1. € T.

Since o(a) < z, (0(a),0(a1))x is a neighborhood of z disjoint from

olT] .
Case 2. a ¢ T.

Bya ¢ T DS, wehave SNa = SNa; and a = sup(SNay ) = sup(SNa),
therefore we have a € Lim(S) \ S and « ¢ Tp.

Case 2-1. supy 7[S N «] does not exist.

In this case, we can take y < x such that y is an upper bound of
7[SNa). Then (y,0(ay)) is a neighborhood of x disjoint from o[T].

Case 2-2. y :=supy 7[5 N ] exists.

If y < x, then (y,0(aq)) is a neighborhood of z disjoint from o[T7.
If y = z, then from a ¢ Ty, [x,—) is open in X and [x,0(y)) is a
neighborhood of z disjoint from o[7]. O

The following claim completes the proof.

Claim 4. o is embedding.

Proof. To see that ¢ is continuous, let & € T" and U be a convex open
neighborhood of o(«) in X. We may assume « € Lim(T) (= Lim(S)).
By Claim 2, o(«) is not isolated in o[T]. Then there is oy € T'Nav such
that o(ag) € U. Since U is convex, we have [T N (ap, o] C U.

To see that o~ ! is continuous, let & € T and V be a neighborhood
of win T. If &« € T'\ Lim(T"), then by Claim 2, o(«) is isolated in o[T].
So we assume « € Lim(7). Take ap € TN« with T'N (o, ] C V
and set a; = min(7' N (o, k)). Then letting U = (o (), o(a1)) Na[T],
which is a neighborhood of o(«) in o[T7], since o is 0-order preserving,
we have o~ [U] C V. O

U
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A subset H of a GO-space X is said to be 0-closed in X if for every
x € X\ H, there is an open neighborhood U of x such that HN (U N (+
,x]) = 0. 1-closedness is similarly defined. Obviously H is closed if and
only if it is both 0-closed and 1-closed.

Lemma 2.6. Let A be a 0-segment of a GO-space X with k := 0-cf A >
wy and H a 0-closed and unbounded (we call it “0-club”) subset in A.
If there are a stationary set S of k and an unbounded continuous map
w8 — A, then there is a club set C in k such that t[SNC] C H

Proof. By Lemma 2.4 (3), there is a club set Cy C & such that 7 |
(S N Cy) is a 0-order preserving embedding. Let Sy = S N Cy. Let
M be an elementary submodel of H (), where 6 is large enough, with
X, A, k,H, Sy, m,--- € M such that |M| < &, see [1, 8] for elementary
submodels. Since |M| < k and Sy is stationary in &, by using the
usual closure argument, we may assume that x N M is an ordinal, say
ag = kN M, and ag € 5.

Claim 1. ap € Lim(Sp).

Proof. Since Ya € k3 € Sy(a < () holds, by elementarity, we see
M EVa € k38 € Sp(a < B). Therefore we have Voo € k N M3 €
SoN M(a < f3), that is, Vao < 3B € So N ap(a < B). This means
ap € Lim(S)). O

Claim 2. 7(ag) € H.

Proof. Assume m(ag) ¢ H, then there is an open neighborhood U of
7(v) such that HN (U N (+, 7(ap)]) = 0. We may assume that U is a
convex. Since 7 is continuous, there is §* < oy with 7[So N (8%, ap]] C
U. By Claim 1, we can take a € (8%, ag)NSp. Then aw € M and 7(«) €
U hold. By the unboundedness of H, there are x € H and € Sy with
m(a) <z < 7w(B). By a,m,H,Sy € M and the elementarity, we see
x,8 € M thus f < ag. Convexity of U and 7(«a), () € U ensure
z € [n(a),m(ag)]NH C HN(UN (+,m(ap)]), a contradiction. O

Now since 7[Sp] is unbounded in A, we have Vo € AJa € Sp(z <
m(a)). By elementarity, Vo € ANM3a € SyNM(z < w(«)). By letting
y = 7m(ap), since m(a) < m(p) whenever a € Sy N M, we have Vz €
ANM3y € HNw[Sol(x < y). Thus M = Vo € Ady € HN7[So|(z < y)
and therefore Vo € A3y € H N7[Sy](x < y). Since H is O-closed in A
and every subspace of 7[Sp] is 1-closed in 7[Sp|, H N 7[So] is closed in
7[So]. Therefore there is a club set C} in k with HNw[Sg] = w[SoNCY].
By letting C' = Cy N Cy, ,we have H D w[S N C]. O

Compare the following lemma with Lemma 2.1.
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Lemma 2.7. Let A be a 0-segment of a GO-space X with k := 0-cf A >
wr. The following are equivalent:

(1) there are a stationary set S of k and an unbounded continuous
map w: S — A,

(2) there are a stationary set S of k and a 0-order preserving un-
bounded embedding m : S — A such that ©[S] C {xr € A: x €
Clx(+, )},

(3) there are a stationary set S of k and a 0-order preserving un-
bounded embedding w: S — A such that 7[S] is closed in A,

(4) every (0-)closed unbounded subset in A is not discrete, where
a subspace is said to be discrete if every element in it is an
1solated point in it.

Proof. By the lemmas above, (1), (2) and (3) are equivalent.

(3) = (4): Assume (3) and take S and 7 in (3). If there were a
0-closed discrete unbounded set H in A, then by Lemma 2.6, there is
a club set C' C k with 7[SNC] C HNnx[S]. Note H Nw[S] is 1-closed
in 7S], it is closed in 7[S] (thus in A). Since 7 is embedding and
7w[S N C] is closed discrete in in 7[S], the stationary set S N C is also
closed discrete in S, a contradiction.

(4) = (1): Let {aq : @ < K} be a 0-order preserving unbounded
sequence in A such that for each a < &,

(*) sup{ag : B < a} < a, if sup{as : f < a} exists.

Let
S ={a<k: sup{ag: f < a} exists and

sup{ag : B < a} € Clx{ag: f < a}. }.
Moreover Let 7 : S — A be the map defined by for every « in .5,
m(a) = supy{ag : B < a}. Obviously if « is a non-limit ordinal in
K, say @ = 7 + 1, then supy{as : f < a} = a, and a, € Clx{az :
f < a}, thus Succ(k) C S. Obviously 7 is a O-order preserving (use
(*)) unbounded map. It suffices to see that 7 is continuous and S is
stationary.

Claim 1. 7 is continuous.

Proof. Let a € S and U be a convex open neighborhood of m(«). We
will find a neighborhood V' of o with #[V] C U. We may assume
a € Lim(S), otherwise obvious. Since m(«a) € Clx{as : f < a}, Find
f < a with ag € U. Then because m(8 + 1) = ag, m(«) € U and U is
convex, we have [r(8+1),m(a)] C U. Since 7 is 0-order preserving, by
letting V' = (5,a] NS, we have 7[V] C U. O
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Claim 2. S is stationary.

Proof. Assuming that S is non-stationary, take a club set C' disjoint
from S. Set J ={a+1:a € C}. Obviously J C Succ(k) C S and
7[J] is unbounded in A. It suffices to see the following fact.

Fact. 7[J] is closed discrete in A.

Proof. Let x € A and set oy = min{a € C' : z < a,}, ap = min(C' N
(ag,k). I CNag =0, then (+, ay,) is a neighborhood of 2 meeting
with 7[J] at most one point, that is, m(cy + 1) (= a,,). So we may
assume C' Ny # 0 and set ag = sup(C' Nay). Then ag € C therefore
ag ¢ S, and ap < ag.

Case 1. oy < a.

In this case, it follows from m(ap+1) = aoy < & < Gy < oy = T(a+1)
that (aa,, @a,) is a neighborhood of x meeting with 7[J] at most one
point.

Case 2. ag = o;.

In this case, z is an upper bound of {as : § < oy }. We consider further
two subcases.

Case 2-1. sup{ag : f < a;} does not exist.

In this case, since « is an upper bound of {ag : f < a1}, thereis y < x
such that y is an upper bound of {ag : § < a1}. Then (y,a,.,) is a
neighborhood of = meeting with 7[J] at most one point.

Case 2-2. z :=sup{as : f < oy} exists.

In this case, when z < z, (2, a,,) is a neighborhood of x meeting with
7[J] at most one point. So assume z = z. It follows from ap = oy ¢ S
that x = z ¢ Clx{as : 8 < ag}. Therefore [z, —) is open in X. Then
[z, a,,) is a neighborhood of  meeting with 7[J] at most one point. [

U
t

Recall that a GO-space X is said to be 0-paracompact if for every
closed 0-segment A with x := 0-cf A > wy, A does not satisfy the clause
(4) in Lemma 2.7, see [5]. Also 1-paracomapctness is defined similarly.
Note that the equivalence (1) and (2) in Lemma 2.1 essentially proves
the following, see also [5].

Proposition 2.8. A GO-space X is paracompact iff it is 0-paracomapct
and 1-paracompact.
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By the lemma above, we can also define the O-paracompactness as
follows:

Definition 2.9. A GO-space X is said to be (boundedly) 0-paracompact
if every (bounded) closed 0-segment is not stationary. (Bounded) 1-
paracomapctness is defined similarly.

Obviously a GO-space X is 0-paracompact iff it is boundedly 0-
paracompact and the 0-segment X is not stationary. Also obviously,
whenever a GO-space X has max, X is O-paracompact iff it is bound-
edly O-paracompact. Note that all subspaces of ordinals are 1-para-
compact, because they are well-ordered. Also note that every ordinal
« is boundedly 0-paracompact, because for every f < a, [0, ] is com-
pact. Further note that an ordinal « is paracompact iff cfa < w. If X
is a subspace of wy, then X is boundedly O-paracompact, because for
every 3 < wy, X N[ is countable. Moreover such a X is paracompact
iff it is non-stationary in w;.

3. PARACOMPACTNESS OF LEXICOGRAPHIC PRODUCTS OF TWO
G O-SPACES

Remember the following result.

o If X = Ha@ X, is a lexicographic product of LOTS’s, then X is
compact iff all X,’s are compact, see [4, Theorem 4.2.1].

First we remark that this result can be extended for lexicographic
products of GO-spaces.

Proposition 3.1. If X = Ha<7 Xo 15 a lexicographic product of GO-
spaces, then X is compact iff all X, ’s are compact

Proof. Since compact GO-spaces are LOTS’s, one direction is obvious.
To see the other direction, assume that X is compact. By the result
above, it suffices to see that all X,’s are LOTS’s. So assume that some
X, is not a LOTS. We may assume X, # (), so take u € X, . Then
(«—,u)x, is closed in X, and has no max. Since X is compact, min X
and max X exist. Therefore for each 8 < 7, min Xg and max Xz exist.
Define z € X by

2(8) = {minXﬁ if B # «a,

U otherwise.

Then (+—,x)x is closed in X with no max, thus X is not compact, a
contradiction. O
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In this section, we characterize paracompactness of lexicographic
products of two GO-spaces, then we will see that even if v = 2, the
proposition above cannot be extended for paracompactness.

Lemma 3.2. Let X = Xy x X, be a lexicographic product of GO-spaces.
Let m : S — Xy be a 0-order preserving map for some subset S of an
ordinal A, here ™ need not be continuous. Then the following hold:

(1) Assume that X; has min and let h : Xog — Xo x {min X3} be
the map defined by h(u) = (u, min X;). Then:
(a) h is 0-order preserving onto and h™' is continuous.
(b) h | w[S] : w[S] — Xo x {min X1} is a 0-order preserving

embedding.

(2) Assume that X, has maz and let h : Xg — Xy x {max X} be
the map defined by h(u) = (u,max X1). Then h[r[S]] is closed
discrete in Xy x {max X }.

Proof. (1): First to see (a), let u € X, and V be an open neighborhood
u. We may assume that there are ug, u] € X such that uj < u < uj
and (ug, uj)x; N Xo C V (other cases are similar). Fix v € X; with
min X; < v. Let U = ((uj, min X1), (u,v))xzxxr N Xo X {min X1 }.
Then U is a neighborhood of h(u) in Xy x {min X;} with U C Ah[V].
That h is 0-order preserving onto is obvious.

Next we check (b). Obviously h | 7[S] is O-order preserving. It
suffices to see the continuity of h | 7[S]. Let @ € S and U be an
open neighborhood of A(m(«)) in Xy x {min X;}. We may assume
that there are z§, 27 € X§ x X; such that 2§ < h(n(a)) < 7 and
(26, 27) xzxxr N Xo X {min X;} C U. Let

. {W(min(Sﬂ (a,N) if SN (a,A) £ 0,
L=
%

otherwise.

By zf < h(m(a)) = (n(a),min X;), we have x(0) < m(«). Then
V= (25(0), u1) x; N X is a neighborhood of 7(a) with [V N7 [S]] C U.

(2): Let x € Xy x {max X, }, say z = (u,max X;). Fix v € X; with
v < max X;. Let y =

{(W(min{a €S:u<n(a)}),max X;) if{aeS:u<n(a)}#0,
— otherwise.

Then ((u,v),y)x,xx, is a neighborhood of x meeting with h[r[S]] at
most one member. U
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Example 3.3. Let Xy = R and X; = 2, where 2 = {0,1}. Define

rn € R by:
—1 ifnew,
Tp = .
0 if n=uw,

Then {z, : n < w} is a O-order preserving sequence in R which is a
convergent sequence in R. It follows from (1) in the lemma above that
it is homeomorphic to {z, : n < w} x {0} in R x 2. However from (2)
of the lemma above, {z,, : n < w} x {1} is closed discrete in R x {1}.
Note Clgxof{z, : n < w} x {1} = {z, : n <w} x {1} U{(0,0)}. Also
note that R itself is not homeomorphic to R x {0}, because the latter
subspace is topologically homeomorphic to S.

It is easy to check the following lemma.

Lemma 3.4. Let X = Xy x X, be a lexicographic product of GO-spaces
and v € Xgo. Then the map ky : X1 — {u} x Xy by ky,(v) = (u,v) is a
0-order preserving homeomorphism.

Remark 3.5. In general, {u} x X is not closed in X, x X; in the
situation above. For example, {0} x [0,1)g is not closed in the lexi-
cographic product 2 x [0, 1)g. Also note that if X has max, then the
O-segment X is stationary iff the O-segment X, is stationary.

The following two lemmas as well as Lemma 2.6 will be main tools
when we discuss paracompactness of lexicographic products.

Lemma 3.6. Let X = Xy x X be a lexicographic product of GO-spaces
and Ag a 0-segment of Xo. Put A = Aqgx X1. Then the following hold:
(1) A is a 0-segment of X,
(2) if 0-cfx, Ag =1, then
(a) 0-cfx A =0-cfx, Xy,
(b) the 0-segment A is stationary if and only if the 0-segment
X1 1s stationary,
(c) A is closed in X if and only if either X1 has maz, Xy \ Ao
has no min or X; has no min,
(3) if 0-cfx, Ag > w, then
(a) 0-cfx A =0-cfx, Ao,
(b) the 0-segment A is stationary if and only if X, has min
and the 0-segment Aq is stationary,
(c) A is closed in X if and only if either X1 has no min or Ag
18 closed in Xj.

Proof. (1) is obvious.
(2): Let 0-cfx, Ap = 1 and ug := max Ay.
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(a) and (b) follow from Lemma 3.4.

(c): To see the “only if” part, assume that A is closed in X, X,
has no max, Xy \ A¢ has min u; and X; has min. Then we have
(ur,min X;) = min(X \ A) ¢ A. Since A is closed, we can find z* €
X§ x X7 such that 2% < (uy, min X;) and U := (2%, =) xzxx; N X is a
neighborhood of (u;, min X;) disjoint from A. Note 2*(0) < u;. Since
(uo, u1)x, = 0 and X, is dense in X, we have (ug, u1)x; = 0, therefore
2*(0) < wg. Since X; has no max, take v € X; with 2*(1) < v. Then
(ug,v) € UN A holds, a contradiction.

To see the “if” part, let x € X \ A. Then z(0) > up and z(0) €
Xo \ Ao. If X7 has max, then ({(ug, max X;), —)x is a neighborhood of
x disjoint from A. If X\ Ag has no min, then by taking u € X\ Ag with
u < z(0) and any v € X, we see that ({(u,v),—)x is a neighborhood
of x disjoint from A. If X; has no min, then by taking v € X; with
v < z(1), we see that ((x(0),v), —)x is a neighborhood of z disjoint
from A.

(3): Let k = 0-cfx, Ap > w.

(a): If U is unbounded in the 0-segment A, then {z(0) : z € U} is
also unbounded in Ay, so we have 0-cfx, Ay < 0-cfx A. Conversely,
if V' is unbounded in Ay, then by fixing v € X, {(u,v) : v € V} is
unbounded in A, thus 0-cfx, Ag > 0-cfx A.

(b): Assume that A is stationary. Take a stationary set S in x and
an unbounded continuous map 7 : S — A. From Lemma 2.7, we may
assume that 7 is 0-order preserving.

Claim 1. X; has min.

Proof. Assume that X; has no min. For each a € S N Lim(95), let
fla) = min{f € S : 7(p)(0) = w(«)(0)}. By the continuity of =, we
have f(a) < « for each a € SN Lim(S). Let M be an elementary
submodel of H(#), where 6 is large enough, with X, A, s, f,S,m, -+ €
M such that |M| < k and o := kN M € S. Since oy € SNlLm(S) (see
Lemma 2.6 Claim 1), f(a) < ao, therefore fy := f(ap) € M. Then
for every o € SN M with fy < a, we have f(a) = By, therefore M =

“for every a € S with fy < «, f(a) = Sy holds.” . By fy,S,f € M,
elementarity ensures that in the real world, for every o € S with 5y <
a, f(a) = fp holds. This means 7[S N (o, k)] C {m(By)(0)} x X;, this
contradicts the unboundedness of . 0

Claim 2. H := Ay x {min X3} is 0-closed in A.

Proof. Let x € A\H, then (1) > min X;. Now U := ((z(0), min X), —
)x is a neighborhood of z with H N (U N (+,z]x) = 0. O
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It follows from Lemma 2.6 that for some club set C of k, 7[SNC] C
H. Now Lemma 3.2 shows that the composition A= o (7 [ (SN C)) is
an unbounded continuous map on SN C' into Ay, thus Ay is stationary.

To see the other direction, assume that X; has min and Aq is sta-
tionary. Then there are a stationary set S C x and a 0-order preserv-
ing unbounded continuous map 7 : S — Ag. Then the composition
hom:S — Ay x {min X;} C A witnesses the stationarity of A by
Lemma 3.2.

(c): First, assume that A is closed in X and X; has min. We will
prove that Ay is closed in Xg. To see this, let u € X\ Ag. When v’ < u
for some v’ € X\ Ao, (v/,—) is a neighborhood of u disjoint from Ay.
When u < o' for every u' € Xy \ Ao, that is, v = min(X, \ Ap). Then
min(X \ A) = (u, min X;). Since A is closed and (u, min X;) ¢ A, there
is 7" € X§x X} with 2* < (u, min X;) such that U := (2%, =) xsxx:NX
is disjoint from A. Then V' := (2*(0), =) x; N Xo is a neighborhood of
u disjoint from Ay.

Next, to see the other direction, let x € X \ A. When X has
no min, by taking v € X; with v < z(1), ((x(0),v),—=)x,xx, 1S a
neighborhood of = disjoint from A. Now assume that Aj is closed
in X,. It follows from z(0) € X, \ Ay that for some u* € X with
u* < z(0), V := (u*, —)x; N X is a neighborhood of x(0) disjoint from
Ap. Fix v € Xy, then (v*,v) <z and U := ((u*,v), =) xsxx: N Xo x X3
is a neighborhood of z which is disjoint from A. O

Lemma 3.7. Let X = X, x X be a lexicographic product of GO-
spaces, Ay be a 0-segment of X1 with 0-cfx, A1 > 1 and u € Xy. Let
A={zx e X : for somev e Ay, x < (u,v) holds.}. Then the following
hold:

(

1) A is a 0-segment of X,
(2
(3
(4

)

) 0- Cle Al = 0- CfX A,

) A is stationary if and only if Ay is stationary,

) if Ay is a bounded closed 0-segment in Xy, then A is closed in
X.

Proof. (1) is obvious. For (2) and (3), use Lemma 3.4.

(4): Let Ay be a bounded closed 0-segment in X;. Take vy € X7\ A;.
To see that A is closed, let x € X \ A. When (u,vy) < z, ((u,vo), —)
is a neighborhood of x disjoint from A. When = < (u,wvp), we have
z(0) = u, (1) € X1\ 41 and x(1) < wvy. Since A; is closed, take
v* € X with v* < z(1) such that (v*, —)x:; N X; is a neighborhood of
x(1) which is disjoint from A;. Now ({u,v*), —=)xzxxr N Xo x X1 is a
neighborhood of x which is disjoint from A. U



PARACOMPACTNESS OF LEXICOGRAPHIC PRODUCTS OF GO-SPACES 17

Note that in (4) in the lemma above, the “bounded” in the assump-
tion is essential, see Remark 3.5. Now we have prepared to see the
following theorem.

Theorem 3.8. Let X = Xy x X7 be a lexicographic product of GO-
spaces. The following are equivalent:
(1) X is 0-paracompact,
(2) (a) X; is boundedly 0-paracompact,
(b) if either (u,—)x, has no min for some u € Xo or X; has
no min, then the 0-segment Xy is not stationary,
(c) if X1 has min, then X is 0-paracompact.

Proof. Note that if Xy has max, then (max Xy, =)y, has no min be-
cause it is empty.

(1) = (2): Let X be 0-paracompact. (a) follows from Lemma 3.7.

To see (b), first assume that (u,—)x, has no min for some u €
Xo. Let Ag = (+—,u]x, and A = Ay x Xy, then 0-cfx, Ag = 1 and
Xo \ Ap has no min. By Lemma 3.6 (2-c), A is a closed 0-segment of
the 0-paracompact GO-space X, therefore A is not stationary. Now by
Lemma 3.6 (2-b), the 0-segment X is not stationary. Next assume that
X; has no min. Fix u € Xy and let Ay = (+—, u|x, and A = Ay x Xj.
Then similarly using Lemma 3.6, we see that the 0-segment X is not
stationary.

To see (c), assume that X; has min. If X, were not 0-paracompact,
then there is a closed 0-segment Ay of Xy which is stationary. Then
by Lemma 3.6 (3), A := Ay x X is a closed 0-segment of X that is
stationary, this contradicts the 0-paracompactness of X.

(2) = (1): Assuming that X is not 0-paracompact, let A be a sta-
tionary closed O-segment of X. Moreover letting Ay = {u € Xj :
for some v € X7, (u,v) € A holds. }, we obviously see that Aj is a
non-empty 0-segment of Xy and A C Ay x X;. We consider two cases.

Case 1. A C Ay x X;.

Fix (u,v1) € Agx X1\ A. By u € Ay, we can find vy € X; with (u, vg) €
A. Let A) = {v e X; : (u,v) € A}. Then A, is a bounded non-empty
0-segment of X; and A = {z € X : for some v € Ay, v < (u,v) holds.}.

Claim 1. A; is closed in Xj;.

Proof. Let v € X; \ A;. When v; < v, (v1,—)x, is a neighborhood
of v disjoint from A;. When v < wy, by the closedness of A and
(u,v) ¢ A, we can find z* € XJ x X] with 2* < (u,v) such that
(2%, =) xzxx: N Xo x X is disjoint form A. Then 2*(0) = u and
(z*(1), —)x: N X1 is a neighborhood of v disjoint from A;. O
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Thus by Lemma 3.7, we see that A; is a bounded stationary closed
0-segment of X; which contradicts the clause (a).

Case 2. A=A, x X;.
Further, we consider the following two cases.
Case 2-1. 0-cf Ay = 1.

Let u = maxAy. It follows from Lemma 3.6 (2-a) and (2-b) that
0-cfx, X1 = 0-cfx A and the O-segment X, is stationary, in particular
X7 has no max. Moreover, since A is closed, it follows from Lemma
3.6 (2-c) that Xy \ A¢ (= (u, —)) has no min or X; has no min. Then
by the condition (2-b), we see the O-segment X is not stationary, a
contradiction.

Case 2-2. 0-cf Ay > w.
Using Lemma 3.6 (3), similarly as above, we have a contradiction. O

For later use, we also write down the analogous result:

Theorem 3.9. Let X = Xy x X7 be a lexicographic product of GO-
spaces. The following are equivalent:
(1) X is 1-paracompact,
(2) (a) X; is boundedly 1-paracompact,
(b) if either (<, u)x, has no max for some u € X,y or X; has
no mazx, then the 1-segment X1 is not stationary,
(c) if X1 has mazx, then Xy is 1-paracompact.

The GO-space (in fact, LOTS) {...,—3,—2,—1,0}, which will be
denoted by —w, of all non-positive integers with the usual order is
topologically homeomorphic to the space w. But as GO-spaces, they
are different, for instance, w has min but —w has no min. First, we
formulate —X of a GO-space X.

Definition 3.10. Let X = (X, <y, 7x) be a GO-space. —X denotes
the GO-space (X, >x, Tx), that is, the order <_y is the reverse order
of <x, but the underlying set X and the topology 7x are unchanged.
Thus a GO-space X has a topological property P iff so does —X. —X
is said to be the reverse of X.

The following are easy to see for GO-spaces, where X = Y means
the existence of the identification between GO-spaces X and Y:
e —(—X)=X,
o (—X)=-X",
o —((=Xo) x (=X1)) = Xo x X,

e X is O-paracompact, then —X is 1-paracompact.
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Thus Xy x X; and (—Xj) x X; are homeomorphic to (—Xp) x (—X7)
and Xy x (—X1), respectively.

The two theorems above yield the following corollaries, where remark
that the equivalence (a) and (c) in (1) ((2)) in the corollary below is
Theorem 3.2 (Theorem 3.3, respectively) in [11].

Corollary 3.11. [11] Let Xy and X, be GO-spaces.

(1) if Xy has neither min nor maz, then the following are equivalent:
(a) the lexicographic product Xy x Xi is paracompact,
(b) the lexicographic product (—Xg) x X is paracompact,
(c¢) Xy is paracompact,
(2) if X1 has min and maz, then the following are equivalent:
(a) the lexicographic product Xo x X; is paracompact,
(b) the lexicographic product (—Xg) X X1 is paracompact,
(c) both Xy and X are paracompact.

Remark 3.12. Here we point out that Theorem 3.4 in [11] is misstated.
Theorem 3.4 in [11] says that whenever X, and X; are GO-spaces such
that X has no neighbor points (i.e., there are no pair u,v with u < v
and (u,v)yx, = 0), the lexicographic product Xy x X is paracompact
iff both X, and X; are paracompact. But let Xy be the long line
L(wy) of length wy and X; the usual real line R, where the long line
L(w;) means the LOTS such that the unit open interval (0,1)g in R is
inserted between a and o+ 1 for every a < wy. Since R is paracompact
having neither min nor max, by (1) of the corollary above, L(w;) x R
is paracompact. But L(w;) is obviously not paracompat (because, it
has w; as a closed subspace), moreover it has no neighbor points.

The case “X; has min but has no max” is somewhat complicated
but is the most interesting case.

Corollary 3.13. Let Xy and X, be GO-spaces and X, has min but has
no mat.
(1) the lexicographic product Xo x X7 is paracompact iff
a) Xo 1s 0-paracompact,
(a) Xpis0 t
1 18 bounde -paracompact,
b) X is boundedly 0-p pact
(c) if (u,—)x, has no min for some u € X, then the 0-
segment X1 1s not stationary,
(d) X; is 1-paracompact,
(2) the lexicographic product (—Xo) X Xy is paracompact iff
a) Xo is 1-paracompact,
(a)
b) X is boundedly 0-paracompact,
Y
(c) if («,u)x, has no max for some u € Xy, then the 0-
segment X1 is not stationary,
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(d) Xy is 1-paracompact,

In (1) of the corollary above, (a)+(b)+(c) is equivalent to O-para-
compactness of Xy x Xj, (d) is equivalent to 1-paracompactness of
Xo x Xj. (2) is an easy consequence of (1).

The case “X; has no min but has max” is analogous as follows:

Corollary 3.14. Let Xy and X, be GO-spaces and Xy has no min but
has max.
(1) the lexicographic product Xo x X is paracompact iff
a) Xo is 1-paracompact,
(a)
(b) X; is boundedly 1-paracompact,
(c) if (<, u)x, has no max for some u € Xy, then the 1-
segment X1 is not stationary,
d) X;i s 0-paracompact,
(
(2) the lexicographic product (—Xg) x Xy is paracompact iff
a) Xo 1s 0-paracompact,
(a) P D
(b) X1 is boundedly 1-paracompact,
(c) if (u,—)x, has no min for some u € Xy, then the 1-
segment X1 s not stationary,
(d) X; is 0-paracompact,

Using the corollaries above, we see:

Corollary 3.15. Let X be a GO-space and n € w with 1 < n. Then
the following are equivalent:

(1) the lexzicographic product X™ is paracompact,

(2) X is paracompact.

Proof. The implication (2) = (1) follows from the result of [5].

(1) = (2): Assume that X" is paracompact and n > 2. When X
has neither min nor max, because of X" = (X" !) x X (see, [5]), by
Corollary 3.11 (1), X is paracompact. When X has both min and
max, by Corollary 3.11 (2), X is paracompact. Let X have min but
have no max. By X" = (X"!) x X and Corollary 3.13 (1-d), X is
lI-paracompact. Similarly by X" = X x (X"!) and Corollary 3.13
(1-a), X is O-paracompact. Thus X is paracompact. The remaining
case is similar. t

Corollary 3.16. Let X be a GO-space. Then the following are equiv-
alent:

(1) the lexicographic product (—X) x X is paracompact,

(2) X s paracompact.
Example 3.17. Using the corollaries above, for lexicographic prod-
ucts, we see:
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wy X S and wy x M are paracompact,

S x w; and Ml x w; are not paracompact,
—wq) X S and (—wy) x M are paracompact,
—S) x wy and (—M) X w; are not paracompact,

wy X [0,1)g is not paracompact,

wl) x [0, 1) is paracompact,

R X wp is not paracompact,

Jr) X wi is not paracompact,

wy X (0, 1]g is paracompact,

(10) (—wy) x (0, 1]g is not paracompact,

(0, 1]R X wy is not paracompact,

(12) (—(0,1]g) X wy is not paracompact,

~—~
[ e U ey

It is known that for subspaces X, and X; of ordinals, the usual
Tychonoff product Xy x X7 is paracompact if and only if both X, and
X, are paracompact, see [7]. Now we consider paracompactness of
lexicographic products of two subspaces of ordinals. Paracompactness
of lexicographic products of infinite length of subspaces of ordinals will
be discussed in the next section. Let X be a subspace of an ordinal (of
course, | X| > 2). Since ordinals are well-order, note again:

e (u,—)x has no min for some u € Xj if and only if X has max.
e X has min, thus “ («<—, u)x has no max for some u € X is true.
e X is l-paracompact,

Using these facts and the theorems above, we see:

Corollary 3.18. Let Xg and X, be subspaces of ordinals.
(1) the lexicographic product Xo x X; is paracompact iff
(a) Xo is (0-)paracompact,
b) X is boundedly 0-paracompact,
Y
(c) if Xo has maz, then the 0-segment Xy is not stationary,
(2) the lexicographic product (—Xg) x Xy is paracompact iff
(a) Xy is (0-)paracompact,
b) if X1 has max, then Xq is (0-)paracompact,
(

In (2) of the corollary above, (a) is equivalent to 0-paracompactness
of (—Xo) x X1, and (b) is equivalent to 1-paracompactness of (—Xj) X
X;. Using this corollary, for lexicographic products of ordinals, we
have:

Corollary 3.19. Let o and 3 be ordinals.

(1) the lezicographic product o X 3 is paracompact iff
(a) cfa < w,
(b) if cfa =1, then cff < w,
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(2) the lexicographic product (—a) X [ is paracompact iff
(a) cff <w,
(b) if cfB =1, then cfa < w,
therefore:

(3) a x (8 is paracompact iff so is (=) X a.

For lexicographic products of subspaces of w;, we have:

Corollary 3.20. Let Xy and X, be subspaces of wy.

(1) the lexicographic product Xo x X is paracompact iff
(a) Xo is not stationary in ws,
(b) if Xo has maz, then X, is not stationary in ws,

(2) the lexicographic product (—Xg) x Xi is paracompact iff
(a) X is not stationary in wy,
(b) if X1 has maz, then Xy is not stationary in wy,
therefore:

(3) Xo x X7 is paracompact iff so is (—X7) x Xp.

Example 3.21. Using the corollaries above, we see:

(1) w x wy and w X wy are paracompact,
wy X w and wy X w are not paracompact,
(—w) X w; is not paracompact,

(—w1) X w is paracompact,

(w+ 1) X wy is not paracompact,

wy X (w+ 1) is not paracompact,
(—(w+1)) X wy is not paracompact,
(—wy) X (w+ 1) is not paracompact,
Succ(wl) X wy is paracompact,
(—Succ(wy)) X wy is not paracompact,
(=

(
(
(

(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
10)
11) w;y X Succ(wy) is not paracompact,

12) (—wi) X Succ(w;) is paracompact.

4. PARACOMPACTNESS OF LEXICOGRAPHIC PRODUCTS OF ORDINAL
SUBSPACES

Remember that a linearly order <x on a set X is said to be a well-
order if every non-empty subset A of X has min. Obviously if <y, is a
well-order on X; for every ¢ € n, where n € w, then the lexicographic
order <x on the product X = Hien X; is also a well-order. Moreover
if <x is a well-order on X and Z C X, then the restriction <yx| Z is
also a well-order on Z.

Now let X = (X, <y,7x) is a GO-space such that the order <x
is a well-order (equivalently, X is a subspace of an ordinal), then by
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X* C X x{-1,0,1}, we see that the order <x« on X* is also a well-
order. Thus whenever X is a subspace of an ordinal, we may identify
the LOTS X* with an ordinal.

Now we have:

Lemma 4.1. Let X; be a subspace of an ordinal for every ¢ € n, where
n € w. Then the lexicographic product X =1]... X; is also a subspace

of an ordinal.
Proof. Since the order on [].., X; is a well-order, we may consider

[Lic, X; as an ordinal. Thus X is a subspace of an ordinal. U

€N

Remark 4.2. In the lexicographic product X = 2“ where 2 is the
ordinal {0, 1}, let for each n € w,

£
xn(i):{o it 1 < n,

1 iti>n.

Then {z,, : n € w} is l-order preserving (= strictly decreasing) se-
quence in X. Therefore the lemma above cannot be relaxed for infinite
length of ordinal subspaces.

Let a be an ordinal and let

l(@):{o if @ < w,

sup{f < «: B is limit.} if a > w.

Note that [(«) is the largest limit ordinal less than or equal to o when-
ever @ > w. So the interval [[(a),«) of ordinals is finite, thus every
ordinal a can be uniquely represented as [(«)+n(«) for some n(a) € w.

Definition 4.3. Let v be an ordinal and A C . Put
A={a e A:[l(a),a)nA=0}.

Note: 3
eif A4 (), then min A € A, )
o if w < a € A and « is limit, then o € A.

Lemma 4.4. Let X =]
of ordinals and

a<y Xa be a lexicographic product of subspaces

Jt={a<~v: X, has no max.}.
Then for every o € J* with o > 0, the following are equivalent, where
Y = Hﬁ<a XB’
(1) there isy € Y such that (y, —)y has no min,
(2) e JH.
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Proof. Let 0 < v € J* and set Yo = [[54(0) X5, Y1 = [[j0)<p<a X5
Then Y can be identified with Yy x Y;, see [5]. Note Y = Y] whenever
l(a) = 0.

(1) — (2): Assume that there is y € Y such that (y, —)y has no
min.

Case 1. (y,—)y = 0.

Note in this case, y = max Y. Therefore max Xz exists for every f < «
and y = (max X3 : 8 < ). Now we have [[(a),0)NJT C [0,0)NJT =
0,s0ac Jt.

Case 2. (y,—)y # 0.

Assuming the negation of (2), take 5 € [I(«),«) N JT. Then Y; # 0
and Y] has no max. Since [l[(«),«) is finite, by Lemma 4.1, Y; is a
subspace of an ordinal. One can pick y; € Y] with y [ [l(«), ) <y, 1
and (y | [l(«@),®),y1)y, = 0, that is, y; is the immediate successor
of y | [l(a),«) in Y;. Then (y | I(«)) y; is the minimal element of
(y, =)y, this contradicts (1), where (y | I(«))"y; denotes the element
z in Y defined by

o) 8 <)
A= {ym) iti(e) < 6 < a,

(2) — (1): Let a € J*. Then for every 8 € [l(a),a), Xz has
max. When a < w, because of Y = Y, Y has max therefore y =
max Y satisfies (1). Assume a > w, then /(a) is limit. Note min Yy =
(min Xg : f < (o).

Claim. (min Yy, —)y, has no min.

Proof. To see this, let z € Yy with minYy < z and 5y = min{f <
l(a) : min Xg # 2(8)}. Fix v € Xgy41 with min Xz 41 < u. Let
2= (minXs : f < o) () (minXz : fo+1 < B < l(a)), then
min Yy < 2/ < z. O

When I(a) = «a, it follows from Yy = Y that y = minY| satisfies
(1). When I(o) < «, Y7 is non-empty and has max. Therefore y =
min Yy " max Y] satisfies (1). O

In [5], it is proved that if for every a < v, X, is a 0-paracompact
GO-space, then the lexicographic product X = [], < Xa is also 0-
paracompact. But there is a 0-paracompact lexicographic product X =
1L, < Xa such that some X, is not O-paracompact, for instance X =
w X wi. About bounded 0-paracompactness, we see the following:
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Lemma 4.5. Let X = Hoé<7 X, be a lexicographic product of GO-
spaces such that all X, ’s have min. If X s boundedly 0-paracompact,
then all X, ’s are also boundedly 0-paracompact.

Proof. Let X =], <, X5 Assuming that some X,, is not boundedly
O-paracompact, take a bounded closed stationary 0-segment A, of X,
with © = 0-cfx, Ao > wi. Then there are a stationary set S of x
and an unbounded continuous map 7 : S — Ay. By Lemma 2.7, we
may assume that 7 is O-order preserving. Set Yy = [] X, and fix
Yo € Yo.

a<ap

Claim 1. A={ae X :a ] ay <y, yoor (a [ oy = yo and a(ap) €
Ap)} is a bounded closed 0-segment of X.

Proof. By the boundedness of Ay, take u € X, \ Ao. Then yy "(u)"
(min X, : ap < «) witnesses the boundedness of A. That A is a 0-
segment is easy to see. To prove that A is closed in X, let x € X \ A.
Then note = [ ap >y, Yo. When z | o >y, Yo, (Yo " (u) (min X, : o <
a), —)x is a neighborhood of z disjoint from A. Now let us consider
the case z [ g = yo. By = ¢ A, we have z(ag) ¢ Ag. Since Ay is closed
and non-empty in X,,, there is u* € X such that u* <X z(ap) and
((u, =)xz, N Xap) N Ao = 0. Then (yo “(u*)"(min X, : ap < @), —
)% N X is a neighborhood of z disjoint from A. Thus A is closed in
X. O

For every 5 € S, let o(8) = yo "(m(B))" (min X, : ap < «). Then ob-
viously o : S — A is 0-order preserving and unbounded. The following
claim completes the proof of the lemma.

Claim 2. o is continuous.

Proof. Let § € S and U be an open neighborhood of o(f) in X.
We may assume € Lim(S). Then by min X,, < m(3), we have
Yo Mmin X, : ap < ) <x o(B), thus (+—,0(8))x # 0. Since U is an
open neighborhood of (f), there is 2* € X such that z* <4 o(f) and
(z%,0(8)]x N X CU. When z* | agp <y, 9o, obviously o[SN[0, 5]] C U
holds (use the fact that o is 0-order preserving), where Yy = [oca, Xa-
So let assume z* [ ap = yo. In this case, since o(f)(a) = min X, for ev-
ery a > ap, we have *(ap) < o(8)(ap) = 7(/3). Using the continuity of
mat B, find By < B such that 7[SN(Bo, B]] C (2" (aw), m(B)]xz,NXao- By
S € Lim(S), we may assume 3y € S. It suffices to see a[SN (o, 5]] C U.
To see this, let 5/ € SN (Bo, B]. From By, 5,0 € S and fy < 5 < B,
we have o(5y) < o(f') < o(B). Now by z* [ ag = yo = o(5') | ap and
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" (o) < m(B') = a(B')(aw), we have z* <x o(f') <x o(f), therefore
olSN (B, Bl C (z*,0(B))x N X CU. 0

O

Example 4.6. The reverse implication of Lemma 4.5 does not hold.
Because, consider the lexicographic product X = [0,1)g X w; and
the 0-segment A = {0} X wy. Both [0,1)g and w; are boundedly 0-
paracompact. But A is a bounded closed stationary 0-segment of X,
thus [0, 1)g X w; is not boundedly 0-paracompact.

Example 4.7. In Lemma 4.5, the assumption “all X,’s have min”
cannot be removed. To see this, let Y = {& < wy : cfa = w} be the
subspace of wy. Obviously, Y is not boundedly 0-paracompact (the
closed 0-segment A = Y N w; witnesses this). But the lexicographic
product Y x R is paracompact.

Theorem 4.8. Let X = Ha<7 X, be a lexicographic product of sub-
spaces of ordinals with v > 2. Then the following are equivalent,
(1) X is paracompact,
(2) (a) for each o < 7y, X, is boundedly 0-paracompact,
(b) for each o € J+, the 0-segment X, is not stationary.

Proof. Let X = [l X

(1) = (2): Assume that X is (0-)paracompact. (a) follows from
the lemma above. To see (b), let & € J+. Assuming on the contrary
that the 0-segment X, is stationary, take a stationary set S in x and

a 0O-order preserving unbounded continuous map 7 : S — X,, where
k= 0-cfx, Xo > ws.

Case 1. a = 0.

By letting o(8) = (n(8))"(min X5 : 0 < 0) for every 5 € S, as in the
previous lemma, it is easy to check that o : S — X is a 0-order preserv-
ing unbounded continuous map to the 0-segment X, this contradicts

(1).
Case 2. o > 0.

It follows from Lemma 4.4 that for some y € Y, where Y =[] Bea X8
(y,—)y has no min. Let A = {z € X : 2 [ a <y y}. Obviously
A is a 0-segment of X and it is closed, because (y,—)y has no min.
Then by letting o(f8) = y “(m(8))"(min X5 : a < ) for every g € 5,
o: S — Ais a 0-order preserving unbounded continuous map, this
contradicts (1):
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(2) — (1): Assume (2). Since all X,’s are 1-paracompact, X =
IL, < Xa is also 1-paracompact, see [5]. Thus it suffices to see that
X is O-paracompact. Assuming on the contrary that X is not 0-
paracompact, take a stationary closed 0-segment A with k := 0-cfy A >
wi. Then there are a stationary set S in x and a 0O-order preserving
unbounded continuous map 7 : S — A.

Case 1. A= X.

Since A = X has no max, let a; = min{a < 7 : X, has no max.}.
Then by oy € J+ and (b), X,, is not stationary.

Claim 1. H={z e X :z [ a; = (max X, : a < aq), 2 [ (a1,7) =
(min X, : g < a <)} is 0-club in X (=A).

Proof. The unboundedness of H in X is easy. To see that H is 0-closed
in X,let z € X\ H.

Case 1. z [ a1 # (max X, : o < o).

In this case, let o = min{a < a3 : z(«) # max X, } and y = (max X, :
a < ap)(min X, : ag < a). Then U = (-, y)x is a neighborhood of
x disjoint from H.

Case 2. z [ a; = (max X, : o < o).

It follows from = ¢ H that for some o > a1, z(«a) # min X,,. Let ap =
{a>a;:z(a) #min X, } and y = (z | ap)(min X, : @y < «). Then
U = (y,—)x is a neighborhood of x with (U N (+—,z]x)NH =0. O

Now by Lemma 2.6, we can find a club set C'in x with 7[SNC]| C H.
Define 0 : SNC — X, by 0(8) = w(8)(ay) for every g € SNC. Since
7 is O-order preserving and 7[S N C] C H, o is also 0-order preserving
unbounded in the 0-segment X,,. Since the 0-segment X,, is not
stationary, the following claim completes Casel.

Claim 2. ¢ is continuous.

Proof. Let § € SNC and U be an open neighborhood of o(5) in X,,.
We may assume 8 € Lim(SNC), then (<, 0(8))x,, # 0. Then we can
take u* € X; such that u* < o(B) and (u*, 0(8)]xz NXa, CU. Define
¥ € X by 2* = (max X, : a < ay)"(u*)"(min X,, : a; < a). Then
z* < 7(B), so (z*,—)x N X is an open neighborhood of 7(5) in X. It
follows from the continuity of 7 that for some £, < 8, 7[S N (51, 5]] C
(z*,—)x N X holds. By # € Lim(S N C), we may assume ; € SNC.
To see a[SNC N (B,8]] € U, let g/ € SNC N (B,0]. Then by
b1 < B < pand py,0,8 € SNC, we have o(1) < o(p") < a(B).
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It follows from z* < 7(f') < w(B) that v* < o(f) < o(f), thus
o(B) € (u*,o(B)]xz, N Xay, CU. O

Case 2. A# X and X \ A has no min.

Set B=X\Aand K ={a<y:3da€ Adbe Bla [ (a+1)=0b]
(v + 1)}. Note that for every pair a € A and b € B, a <x b holds
and K is an initial segment (i.e., 0-segment) in v, therefore K = o for
some oy < 7. For every a < ay, fix a pair a, € A and b, € B with
ao [ (@+1)=0by [ (a+1).

Claim 3. If o/ < a < ag, then ay [ (¢/ +1) =a, | (¢/ +1).

Proof. Assuming that for some 8 < o', an(B8) # aa(B), let By =
min{f < o : aw(f) # aa(B)}. Note aw [ o = an [ fo. When
ao (Bo) <Xz ao(Bo), we have by <x a,, a contradiction. When
ao (Bo) > X, ao(Bo), we have a, >x by, a contradiction. O

Define yo € [[ .0, Xa BY yo(@) = aq(a) for every a < ag. By the
claim above, we have yo [ (¢ +1) = an [ (0 +1) = b, | (a+ 1) for
every a < ap. Let Yy =] Xy, and V) =] X,

a<ag ap<a “rar

Claim 4. 0 < a9 < 7.

Proof. 1f 0 ¢ K were true, then for every pair « € A and b € B,
a(0) # b(0) holds. Let ugp = min{b(0) : b € B} and by = (up)”" (min X, :
0 < a). If by € A were true, then by taking b € B with b(0) = wuy,
bp € A and b € B witness 0 € K, a contradiction. Therefore by € B
and obviously by = min B, which contradicts this case. Therefore we
see 0 < ayp.

Now assume oy = 7, then yo € X = AU B. First assume y, € A.
Since A has no max, take a € A with yp <x a and set Sy = min{f <
v y(B) # a(B)}. By By < v = ag, we have yo [ (6o + 1) = ag, |

(Bo+1) =g, [ (Bo+1). Now by yo [ Bo = a [ Bo and yo(5o) < a(fh),
we have bg, <x a, a contradiction. Next assume 7, € B. Since B ha no

min, take b € B with b <x yo and set Sy = min{3 < v : yo(5) # b(B)}.
By a similar argument as above, we have b <x ag,, a contradiction. [

Let Ag = {a(ap) :a € A,a | ap = yo}. Since A is a 0-segment of X,
it is easy to verify that Ay is also a 0-segment of X, .

Claim 5. Ay = X,, and {b€ B:b | ap=yo} = 0.

Proof. Ay C X,, is obvious. To see Ag D X,,, assume X, \ Ag # 0.
Let v = min(X,, \ 4o) and b = yo "(u)(min X, : oy < «). Then
by u ¢ Ap, b € B holds. Since B has no min, take ' € B with
b < b. Let By = min{s < v : b'(5) # b(B)}. Since b(ar) = min X, for
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every a > g, we have Sy < g, b’ | Bo = b | By and V' (5y) < b(Bo)-
When £, < g, we have I/ < ag,, a contradiction. When y = «y, by
b' () < u, there is a € A with a [ ap = yo and b'(ap) = a(ap). Since
b [ (ww+1) =a | (ap+1) holds, we have oy € K = «p, a contradiction.

If there is b € B with b | ag = yo, then by b(ay) € X,, = Ao,
for some a € A with a | ag = yo, a(ag) = b(ag) holds. This means
ag € K = ap, a contradiction. Thus {b€ B:b | ag =1y} = 0. d

Claim 6. q is limit.

Proof. Assuming that aq is not limit, let oy = S+ 1 for some 3. Then
by 8 € ag = K, we have ag [ (f+ 1) =bs [ (8+ 1). It follows from
ba(aw) € Ap that for some a € A with a [ oy = yo, alag) = bs(a)
holds. Then we have a | (ap+1) = bs | (ap+ 1), this means ap € K =
v, a contradiction. 0

Claim 7. A={a€ X :a | ay <y, 0}

Proof. “C”: Let a € A. If a | ay > yo were true, then by letting
Bo = min{f < ag : a(B) # yo(B)}, we see a > bg,, a contradiction.
“D7: Let a € X with a [ ag < yg. When a | oy < yp, by letting
Bo = min{f8 < ap : a(B) # yo(B)}, we see a < ag,. Since A is a 0-
segment and ag, € A, we have a € A. When a [ ag = yo, by Claim 5,
we see a € A. 0

Claim 8. Y] has no max.

Proof. If Y7 has max y;, then by the claim above, 1y "y is the maximal
element of A, a contradiction. O

Using Claim 8, let oy = min{a > «ap : X, has no max.}. It follows
from oy < ay and Claim 6, we see a; € J*. By the condition (b) in
(2), the 0-segment X, is not stationary.

Claim 9. H={z € X 1z | a1 =y "(max X, : ap < a < ay), x|
(a1,7) = (min X, : @y < a <)} is O-club in A.

Proof. This proof is similar to the proof of Claim 1 but somewhat
complicated, so we give its abstract proof. H C A is obvious.

First to see the unboundedness of H in A, let a € A. Then a |
a; < yo Mmax X, : a9 < a < a1). When a [ a; < yo “(max X, :
ap < a < a1), a < x holds for every x € H. When a | ag =
Yo M(max X, 1 g < a < aq), pick u € X, with a(ay) < u. Then
we have a < yp "(max X, : ap < a < a)™(u) (min X, : a; < o) € H.

Next to see that H is O-closed in A, let a € A\ H, then a [ a; <
yo “(max X, : ap < a < aq) as above. When a [ ag < yo "(max X, :
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ap < a < ag), let fp = min{a < a3 : a(a) # (yo "(max X, : ap < a <
a1))(a)} and define y € X by

(Oé _ (yO /\<maXXaiOé()§04<a1>)(a) if a < [y,
/ min X, if o > By,

for every @ < 7. Then U = (+-,y)x is a neighborhood of a disjoint
from H. When a [ a1 = yp "(max X, : ap < a < a1), by a ¢ H, there
is a < v with oy < v and min X,, # a(a). So let ay = min{a > oy :
min X, # a(a)}. Note ag < ay. Let for each a < 7,

y(a) = {a(a) if o < ag,

min X, if a > as,

Then U = (y, —)x is a neighborhood of a satisfying (UN(+, a|x)NH =
0. O

Now take a club set C'in xk with 7[SNC] C H and define o : SNC —
Xao, by o(8) = 7(B)(ay) for every f € SN C. Also using a similar
argument with Claim 2, we see that o is 0-order preserving unbounded
in X,, and continuous. This contradicts to the non-stationarity of the
0-segment of X,,. This completes Case 2.

Case 3. A# X and X \ A has min.

Let B = X\ A and b = minB. Since A is non-empty closed and
B = [b,—)x, there is b* € X such that b* <y b and (b*,b); N X = 0.
Because A has no max, we see b* ¢ X. Let ap = min{a < v : 0*(a) #

b(a)}.

Claim 10. b(a)) = min X, for every a > «.
Proof. Otherwise, let @y = min{a > o : b(a) > min X,,}. Let ¥/

(b [ ar)™(min X, )" (b | (o1,7)). Then we have ' € (b*,0); N X,
contradiction.

O |

Claim 11. (b*(a0), b(ao))xz, N Xay = 0.

Proof. Otherwise, take u € (b"(ao), b(aw))xz, N Xa, and let ' = (b |

ao) (u) (b | (ap,7y)). Then we have b' € (b*,b) v+ N X, a contradiction.

O

Claim 11 says that [b(a), —)x
)Xao € TXop-

Claim 12. [b(ag), =) x,, ¢ AX.,-

is open in X,,, that is, [b(ap), —

@Q
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Proof. Since X, is dense in X7 and b*(ao) € (<=, b(aw))x;, . we have
(= b(w))x,, # 0. Assuming [b(ap), —=)x,, € Ax.,, take u € Xq,
such that u < b(ap) and (u,b(a))x,, = 0. Then u has to be b*(ao),
therefore 0*(ap) = u € Xq,. Let a3 = min{a < v : b*(a) ¢ X, }. Since
b* ¢ X, v is well-defined and o < a. If (b*(avq), —>)X;1 = () were true,
then we have b*(a;) = max X = max X,, € X,,, a contradiction. So
taking v € (b*(on), =) xz, N Xay, let 0" = (0" [ a1)"(v) (min X, : aq <
a). Then we have V/ € (b*,b) + N X, a contradiction. O

It follows from Claims 11 and 12 that Ay = (+,b(a0))x,, is a
bounded closed 0-segment in X,, with no max. By the assumption
(a) in (2), Ap is not stationary. As in Claim 1 or 9, we see:

Claim 13. H={z € X :z [ ag = b | apg,z(aw) € Ap and = |
(ap,y) = (min X, : ap < v <)} is O-club in A.

Now taking a club set C' in xk with 7[SNC] C H,let 0 : SNC — A,
by o(8) = 7(B)(ap) for every § € SN C. By a similar argument
with Claim 2, we see that ¢ is O-order preserving unbounded in Ag
and continuous. This contradicts to the non-stationarity of Ay. This
completes Case 3. O

Example 4.9. Using the theorem, about the following lexicographic
products, we see:

(1) w? x w¥ is paracompact, where w? x w can be considered as
the lexicographic product [, ., X» with Xy = X; = w, Xy =
X3 =+ =wy, see [5],

wy X w? not paracompact,

w X w¥ x w? is paracompact,

w X w¥? is not paracompact,

(w1 +1)% X w x w¥ is paracompact,

(w1 + 1)? x w? is not paracompact,

w X wy X (wy + 1) X wy is not paracompact,

w? X WY X (wy + 1) X w X wy is paracompact,

Succ(wy)? x wf x Succ(w) X wy is paracompact,

when all X,’s are uncountable subspaces of wy, X =[], < X,
is paracompact iff X, is non-stationary for every a < v with
a =0 or limit «,

11) w X w; X w X wp X -+ is paracompact,

12) w; X w X w; X w X -+ is not paracompact,

13) (w+1) xwy X (w+ 1) X wy X -+ is not paracompact,

14) w1t x w¢ is paracompact,

15) w*' X wy is not paracompact,

NN AN N
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(16) I, wa, Hagw w,, and Ha<w1 We are paracompact,
(17) Tocw Warts [acw, War1 and [],<,, wa are not paracompact.
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