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Abstract

Our aim in this paper is to deal with Sobolev embeddings for Riesz
potentials of variable order with functions in variable exponent Musielak-
Orlicz-Morrey spaces.

1 Introduction

The space introduced by Morrey [36] in 1938 has become a useful tool of the study
for the existence and regularity of partial differential equations. Variable exponent
spaces have been studied in many articles over the past decades, for a survey
see [15, 20, 45]. These investigations have dealt with the spaces themselves, e.g.
[10, 16, 19, 24|, with related differential equations [2, 5, 12], and with applications
[1, 7, 44]. In the present paper, we aim to establish Sobolev embeddings for Riesz
potentials of variable order with functions in variable exponent Musielak-Orlicz-
Morrey spaces.

Let R™ denote the n-dimensional Euclidean space. We denote by B(z,r) the
open ball centered at x of radius r and denote by |E| the Lebesgue measure of
a measurable set £ C R". In our discussions, the boundedness of the Hardy-
Littlewood maximal operator is a crucial tool as in Hedberg [23]. It is well known
that the maximal operator is bounded on the Lebesgue space LP(R™) if p > 1 (see
[47]). Chiarenza-Frasca [8] generalized the boundedness of the maximal operator
by replacing Lebesgue spaces by Morrey spaces LP*(R™), where Morrey space
LP7(R™) is a family of f € L} _(R") satisfying the Morrey condition

)|Pdy < oo
xGR”r>0|B$T|/xr | Y
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for v > 0 (see also Nakai [38]). Further, the boundedness of the maximal operator
was also studied on Orlicz-Morrey spaces (see [39, 40, 41]). In [13], Diening showed
that the maximal operator was bounded on the variable exponent Lebesgue space
Lp(')(R") if the variable exponent p, which is a constant outside a ball, satisfies the
locally log-Holder condition and infp > 1 (see condition (P2) in Section 2). Cruz-
Uribe-Fiorenza-Neugebauer [11] proved the boundedness of the maximal operator
on LPO)(R™) when p satisfies the log-Hélder condition on R™ and infp > 1 (see
condition (P3) in Section 2). In the case of bounded open sets, Almeida-Hasanov-
Samko [4] and Mizuta-Shimomura [33] studied the boundedness of the maximal
operator for the variable exponent Morrey spaces. Let G be a bounded open
set in R™ and dg = diam G. Further, for a nonnegative measurable function w
on G x (0,dg) satisfying some conditions, Guliyev-Hasanov-Samko [17, 18] showed
that the maximal operator is bounded on the generalized variable exponent Morrey
space LP()“(G) (see Remark 3.2 below).

On the other hand, the maximal operator is bounded from Orlicz spaces L log L(G)
to L'(G), while the maximal operator is not bounded on L'(G). In the variable
exponent case, a variable exponent p with inf p = 1 may approach or attain 1 in
value, so that the boundedness of the maximal operator on the variable exponent
Orlicz space LP)(log L)) (@) has been investigated, e.g. [9, 29, 31]. Also, in the
case inf p > 1, the boundedness of the maximal operator was studied on the vari-
able exponent Orlicz space LP¢)(log L)?)(R™) (see [21, 25, 32]). For the variable
exponent Orlicz-Morrey spaces, we refer the reader to [28].

Our first task in this paper is to establish the boundedness of maximal operators
in the variable exponent Musielak-Orlicz-Morrey space L**(R") (see Theorem
3.1), where p is a variable exponent satisfying the log-Hélder condition and infp >
1, and ® and & are of the form ®(z,t) = t"@p(x,t) and k(z,t) = t'@(z,t)
(see Section 2 for the definition of ® and k). In the previous paper [28], the
authors gave the bounded sets version when ®(z,7) = r?@(log(e + r))?®) and
k(z,r) = 1" (log(e + 1/r))?®). For the case infp = 1, see Section 5.

For a measurable function o : R™ — (0,n), we consider the Riesz potential of

variable order « for a locally integrable function f on R™ defined by

Lo f(@) = [ o=y (),

One of important applications of the boundedness of the maximal operator is

Sobolev’s inequality; in the classical case,

Mo f || ey < Cllf 2o ny



for f € LP(R"), 0 < a <nand 1 < p < n/a. Sobolev’s inequality has been stud-
ied in many articles and settings. If f € LP”(R"), then it is shown (see Adams
[3] and Peetre [43]) that I, f satisfies Sobolev’s inequality whenever v > ap, where
1 < p < 00. Mizuta-Shimomura [34] dealt with Sobolev’s embeddings for Riesz po-
tentials of functions in Orlicz spaces L®(G), where ®(z,t) = t?@p(z,t) and ¢ is a
monotone log-type function. The version for Orlicz-Morrey spaces was also studied
by Nakai [39]. Diening [14] has established embedding results for Riesz potentials
with functions in LP()(R™). See also [6]. In the case of bounded open sets, Almeida-
Hasanov-Samko [4] and Mizuta-Shimomura [33] studied Sobolev’s embeddings for
Riesz potentials of functions in the variable exponent Morrey spaces. Further, the
version for the generalized variable exponent Morrey space LP()« (@) was discussed
by Guliyev-Hasanov-Samko [17, 18].

When p = 1, the situation is a little different. O’Neil [42] showed that I, is
bounded operator from L!(log L)'=*/"(G) to L™/ "=*)(@Q) if 1 —a/n > 0. Recently,
the authors [26] gave a result on Sobolev embeddings for Riesz potentials of func-
tions in LY*(G) with x(r) = r*(log(2+1/7))? (see also [27, 46]). In [29], the authors
showed that I, f satisfies Sobolev’s inequality with functions in LP()(log L)7")(R™).
For the variable exponent Orlicz-Morrey spaces, we refer to [28].

As an application of the boundedness of maximal functions, we shall give a
Morrey version of Sobolev inequality for I, f with functions f in L**(R") if
infp > 1 (see Theorem 4.1), as an extension of Adams [3], Almeida-Hasanov-
Samko [4], the authors [28], Mizuta-Shimomura [33] and O’Neil [42]. Further, we
deal with the case inf p = 1 in Section 5.

The structure of rest of this paper is as follows. The next section is for notation
and conventions used throughout the paper. In Section 3, we prove Theorem 3.1.
In Section 4, we prove Theorem 4.1 by Theorem 3.1 and Hedberg’s trick [23]. In
Section 5, we are concerned with Sobolev embeddings for I, ;) f with functions f
in L**(R") when inf p = 1, which extend the results by the authors [28].

2 Notation and conventions

Throughout this paper, let C' denote various constants independent of the variables
in question. For non-negative functions f and g, we write f ~ g if there exists
a constant C' > 0 so that C~'g < f < Cg. For an integrable function u on a

measurable set £ C R" of positive measure, we define the integral mean over F

by
][Eu(a:) dr = % /Eu(a:) dz.



We will introduce Musielak-Orlicz-Morrey spaces. We consider a function
O (z,t) : R"x[0,00) — [0, 00) satisfying the following conditions: ®(z,t) is measur-
able on R" for each ¢t > 0 and convex on [0, c0) for each z € R", and ®(z,0) = 0.
Further we consider a function s(z,r) : R" x (0,00) — (0, 00) satisfying the fol-

lowing condition:
(k1) k(z,t) < Ct" for allz € R" and t > 1.

We introduce Musielak-Orlicz-Morrey spaces L®*(R™) by the family of all mea-

surable functions f with finite norm

zeR™,r>0

||f||L¢v“(R"):inf{)\>O3 sup fﬁ(:v,r)]i( )q)(y,!f(y)\/k)dysl}.

Note that L**(R") is a Banach space with respect to the norm || f||e.crn). Here

we may consider the fractional maximal operator defined by

r>0

Moof (1) = supse.r) f - @l dy
B(x,r
Then it is worth to see by the doubling condition of ®(y, ) that

[ fllzon@ny ~ [[MaowflLoomn)-

In this paper, we treat the following special ® and k.

Let p be a continuous function on R" satisfying

(P1) 1 <p_ =infern p(x) < py = SUp,ern p(T) < 00;

C
P2) Ip(z) —p(y)| < for all z,y € R™;
(P2) [p(x) = p(0)] < e T
(P3) p(x) —p(y)| < —C—— forall 2,y € R" with [y| > 2]
PR P> Tog(e + Ja) Y =g

If p satisfies (P2) and (P3), then p is said to satisfy the log-Hélder condition
on R™. By (P3), p has a finite limit p(co) at co and

(P3") |p(z) — p(o0) for all x € R".

< -
= Toge v a0
We say that a function ¢ : R™ x (0,00) — (0, 00) is of log-type if it satisfies

(©0) @(-,7) is measurable for all » > 0 and ¢(z, -) is continuous for a.e. z € R”,

(#1) 0 <infoern p(2,1) < sUP,ern (2, 1) < 00,

o(z,7)
o(z,s)

(02) et < <c forallz € R and 27's <r < 2s,



o(r,7)
o(r,s)

If o(x,r) is of log-type, then ¢(x,1/r) is also of log-type. Further, if & > 0,

(¢3) ' < < ¢y for all x € R™ and min{s, s*} < r < max{s, s*}.

then r°¢(x, r) is uniformly quasi-increasing on (0, 00), that is,
() rp(z, 1) < c35°p(x,s) forallz € R" and 0 < r < s < 00
(see e.g. [27]).

Further we say that ¢ satisfies the log-Holder condition if it satisfies

1 _ ol
(e4) Cy = o(y,m1)
1 _ ot
<¢5) Cs S @(va

The constants ¢;—c5 are independent of x € R™ and r, s € (0, 00).

< ¢y for all z,y € R" with |z —y| < rand r <1,

< ¢ for all x,y € R™ and max{(1+ =)™}, (1+|y|)7'} <t < 1.

For instance
¢1(z,t) == (log(e + t))q(x)
satisfies those conditions if ¢ € L>°(R") is non-negative and loglog-Hélder contin-
uous, i.e.,

| < ¢
loglog(e? + 1/|z — y|)

lq(x) — q(y) for all z,y € R"

(cf. [9]). Of course we may also add further logarithms, e.g.
pa(x,t) := (log(e + t))q(x) (loglog(e* + t))r(x),

etc. We also give another example which satisfies conditions above:
p3(z,t) == (log(e + t))ql(x)(log(e + l/t))qQ(x),

where ¢; and ¢y are in L>(R™) and satisfy

C
<
< loglog(e? + 1/|x — y|)

|1 (7) — q1(y) for all z,y € R™,

and

c |z|
< for all 7,y € R™ with |y| > =
= loglog(e2 + [z) Y with [yl 2 5

|g2() — q2(y)|

The function 3 also satisfies the condition (1) in Section 4.

For functions ¢ satisfying all the conditions (¢0)—(¢b), set

tP@op(z,t), t>0,
O(x,t) = {0 =0

Suppose



(®1) t~'®(z,t) is uniformly quasi-increasing on (0, 00) for fixed z € R".

Here note that if ®(z,t) is convex for each x € R", then (®1) holds, that is,
t~'®(x,t) in non-decreasing for each x € R"™. Further, note that if p_ > 1, then
(®1) is satisfied by (¢). It is useful to note that

O(x,t) = /Ot{ sup rlCD(:U,r)} ds (2.1)

0<r<s

is convex and ®(x,t/c) < ®(x,t) < ®(x,2t) for some constant ¢ > 0 by (®1). This
means that ® is quasi-convex.
Given ® as above, let L®(R™) denote the set of all measurable functions f such

that || f|| e @) < 0o, where

vy = n 2> 05 [ Sl dr <1},

Then the variable exponent Musielak-Orlicz space L*(R™) is complete with respect
to the norm || f|| e ®n) (cf [37]).
Next we define the variable exponent Musielak-Orlicz-Morrey space L®*(R").

For a measurable function v on R” satisfying

(rl) 0 <v_ =infyern v(z) < vy =supyepn v(x) <n

and a log-type function ¢ (x,r) on R" x (0, 00), that is, satisfying (¢0)—(¢3), set
r(x,r) = r"@y(z,r).

Now, given ® and r as above, we denote by L®"*(R™) the family of all measur-

able functions f with finite norm

||f||m,n(Rn)=inf{A>o: sup m,r)][( )@(y,lf(yﬂ/A)dySl}.
B(x,r

zeR™,r>0

REMARK 2.1. The conditions (k1) and (1) are natural. In fact, if x(x,7)/r" — oo
for some x € R™ as r — oo or 1/k(z,7) — 0 for all x € R™ as r — 0, then
L**(R") = {0}.

REMARK 2.2. The logarithms contained in the modulus of continuity of the ex-
ponent p are natural, because they represent a quite standard assumption on the
exponent in order to get the boundedness of the maximal operator (see [13]). Also,

the log log-Hoélder condition is natural, e.g. see [30].



3 Maximal functions

For a locally integrable function f on R", we consider the maximal function M f
defined by

MfG) = sz [ 1l

where the supremum is taken over all balls B = B(x,r).
First we prove the boundedness of maximal operator in L®*(R"), which gives

an extension of [4, 28, 41].
THEOREM 3.1. Suppose p_ > 1. Then there exists a constant C' > 0 such that
[M fllpon@ny < Cll fllpon@n)-

In [28], we studied a bounded sets version of Theorem 3.1 when ®(z,r) =
rP@ (log(e + 1))1® and k(z,r) = r*@ (log(e + 1/r))#®).

The conclusion of Theorem 3.1 is equivalent to

[ Mo (Mf)||Loerr) < Cl| Mo f1| oo mm)

for some constant C' > 0.

REMARK 3.2. Guliyev-Hasanov-Samko [17, 18] treated the boundedness of the
maximal functions on a bounded domain G in the case when ®(z,7) = r(®). In

fact, in [17], setting w(z,7) = k(z,r)"/P(®) they assume the condition
da dt
/ w(m,t)? < Cw(z,r) forall x € G and 0 < r < dg,

instead of our log-type conditions posed on v and .

When k(z,r) = r", we can prove the following result with a small change,
which is an extension of [11, 14, 25, 32].

COROLLARY 3.3. Suppose p_ > 1. Then the operator M is bounded from L®(R")
to itself, that is, there exists a constant C' > 0 such that

| M fllLe@ny < Cllflle@n
for all f € L*(R™).

For a proof of Theorem 3.1, we prepare some lemmas.

For a measurable function f on R™ and a ball B(z, ), let

I=I(x.r) = ]i( Wldy and J—J(x,r)—]é 19(v)| dy,

(z,r)

where g(y) = ®(y,[f(y)]).
Let us begin with the following result.
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LEMMA 3.4 (cf. [32, Lemma 2.6]). There ezists a constant C > 0 such that
I < CJYP@ (g J)~ 1P (3.1)

whenever f is a measurable function on R"™ with || f||ze.x@mny < 1 such that f > 1

or f=0onR"

Proof. Let f be a nonnegative measurable function f on R™ with || f[[ze.x@®n) <1
such that f > 1 or f =0 on R". Then

k(z,r)J < C.

First suppose J > 1; then x(z,7) < CJ~' < C, so that r is (uniformly)
bounded by (¢) and (v1). Set k = cJYP@p(z, J)~/P@)  where ¢ is chosen such
that & > 1. Then we see from () and (P1) that

k< Cr(z,r) Y?@p(x,1/k(2,r)) /P < Oy
for some a > vy /p_. Moreover, if y € B(z,r), then note from (P2) that

Elp(@)—p()l < LC/ log(e+1/|z—yl) < (CT—G)C/log(eH/T) < C,

so that kP < CkPW); and by (3) and (p4)
plak) _ sl k)
wly, k) = ely, k1)
since |z —y| < r < Ck~Y%. Hence ®(z,k) < C®(y, k) for y € B(z,r), so that it
follows from (®1) that

I < k+C ]{3 W (ﬂyiliﬁii £>(y)>> W

<C,

IN

kot Ok (e, k) ][ o(y)dy
B(z,r)

=kt Ck®(z, k)L

< Ck

since ®(z, k)™t < J! by (¢) and (P1).
If J <1, then, since f > 1 or f =0, we have by (®1) and (1)

C ][ 9(y)dy
B(z,r)
= CJ

< C Ji/rx) (a: J) 1/p(z

I

IN

as required. O



LEMMA 3.5. There ezxists a constant C > 0 such that

I<C {Jl/p(x)go(x, J)7HVP@ (14 |lz[)™"} (3.2)
for all measurable functions f on R™ such that 0 < f <1 on R".
Proof. Let f be a measurable function on R"™ such that 0 < f <1 on R™. Write
Fo= IXyeB@nnpel/2:0+) -1 <fw)<1} + IX(eB@nnBO.jal /202 )<L+ ) 1)

+ fX{yEB(IvT)\B(O,lw|/2)1(1+\w|/2)_"_1Sf(y)<1} + fX{yEB(%T)\B(O,\wl/2):0§f(y)<(1+\x|/2)_”_1}
= fi+ fo+ f3+ fa,

where yg denotes the characteristic function of E. Write

I=L+L+1L+1,

where [; :][ fily)dy for j =1,2,3,4.
B(z,r)
It is easy to see that Iy < (14 |z|)~™.
To estimate I I3, set k = JY/P@) (g, J)~1/Pl
Case 1: (1+y))™ < f(y) <lor f(y ):OforyeB(O,\x|/2).
In this case, as in the proof of Lemma 3.4, note from (P3), (¢3) and (5) that

f(y)*lp(w)*p(y)l < f(y)*C/log(eHyl) <(1+ |y|>0/10g(e+|y|) <C

and

el f) _ oele [y o)

ey, f) ~  ely, fly)/ D)
for y € B(0,|z|/2), so that ®(z, f(y)) < CP(y, f(y)) for y € B(0,|z|/2). Hence
we have by (¢), (®1) and (P1)

L o< o / f(y)dy
B(z,r)NB(0,|z|/2)
) f@*ﬂ%ﬂwo }
Clk d
= { o /B(w,r)ﬁB(O,x|/2)f(y)< k=1®(x, k) Y

c {k o) g(y)dy}
B(z,r)
= O {k+ k®(x, k) LT}

< CJYr@) o(z,J)” 1/p(z)

<C

IN

Case 2: (1+|z|)™ ' < f(y) <1lor f(y) =0 for y € B(z,r)\ B(0,|z|/2).
This case is treated in the same manner as Case 1.

Case 3: 0< f(y) < (L+|y])™™ ! for y € B(O, |z|/2).

9



If 0 <r < |x|/2, then
I < C(1+ ),

since |z| ~ |y|. If r > |z|/2, then
RO [y <Cn O lal)
B(0,3r)
so that
L < C(l+|z))™
Now we obtain
[ <C{TP P o, )P 4 (14 [2]) 7"}

and thus the proof is completed. ]

By Lemmas 3.4 and 3.5, we have

COROLLARY 3.6. There exists a constant C' > 0 such that
I < C{TP (e, )~ 4 (14 Ja|) "},
whenever [ is a measurable function on R™ with | f| pexmn) < 1.

LEMMA 3.7. Suppose p_ > 1, and take py such that 1 < py < p_. Then there exists
a constant C' > 0 such that

O(z, M f(z)) < C [{Mgo(x)}™ + (1 + |z =],

whenever f is a measurable function on R™ with || f||Le.xmny < 1, where go(y) =

Do (y, |f(W)]) = @y, | f(y))/7 and A = npy.

Proof. Let f be a nonnegative measurable function on R” with || f|| e.x®n) < 1.
Write

= Xwrw=1 + MXgo<rm<y = i + fo

Let 1 < py < p—. Since we see from (¢) and (¢1)

]i A A< f oG sy < Cntr

B(x,r)

for all z € R™ and r > 0, applying Lemma 3.4 with p(z) and ¢(z,r) replaced by
p(z)/po and @(z,7)Y/P° respectively, we obtain

O(z, M fr(x)) < C{Mgr(x)}"™,

10



where g1(y) = ®(y, fi(y))*/P°. Moreover, in view of Lemma 3.5, we have
®(z, M fo(z)) < C [{Mga()}? + (1 + |a]) "]
for A = npy, where gy(y) = ®(y, fo(y))/?0. Thus it follows that
®(a, M f(x)) < C [{Mgo(x)}* + (1 + |2)~],
where go(y) = ®(y, f(y))'/?0, as required. ]

We need the following result in the constant case (see [38, Theorem 1]); for
this, note from (v1) and () that

/ k(z,t) t1dt < Or(x,r)™?

for all z € R™ and » > 0.

LEMMA 3.8. Suppose pg > 1. Let f be a measurable function on R™ satisfying
Fo i dy < o) 33)
B(z,r)
for all x € R™ and r > 0. Then there exists a constant C' > 0 such that
][ {Mf(z)}*dr < Cr(z,7)™"
B(z,r)

for all z € R™ and r > 0, where the constant C' is independent of f satisfying (3.3).
Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let f be a nonnegative measurable function on R"™ such
that || f||pe.x@nsy < 1. Since k(z,r)~" — oo uniformly as r — 0 by (¢) and (v1),
for z € R™ and r > 0, by Lemmas 3.7 and 3.8 and (x1), we find

foeMf@)de < ¢ [(Man(e)? + 1+ [al) 1] da
B(z,r) B(z,r)
< C{x(z,r) "+ (1 +7)"}
< Ck(z,m)7,
where go(y) = ®(y, f(y))/? and A = np, as in Lemma 3.7. O

11



4 Sobolev’s inequality

For a measurable function o : R" — (0, n) satisfying
(al) 0 < a_ =essinf,epn a(z) < esssup,egn () = ay <n,

we define the Riesz potential of variable order « for a locally integrable function f
on R" by
Lo f(e) = [ o= ol f)dy.

As an application of the boundedness of maximal functions in L**(R") and
Hedberg’s trick [23], we are going to establish the Morrey version of Sobolev’s type
inequality for Riesz potentials I, f of functions f € L®*(R™). For this purpose,
we need an auxiliary function ¢, : (0,00) — (0,00) of log-type for which there

exists a constant ¢, > 1 such that

1 le ()Y
W) = @ +1a) )

one may take @o(t) = limsupy, .. ©(y,t) by (¥5).
For k(x,r) = r*@)(z,r), assume further that

< ¢y for all z € R

(v2) v is log-Holder continuous at oo, that is, there exists v(oco) such that

C

< ——— forallz € R™
log(e + [2[)

v(z) = v(c0)|

Further we need

(val) essinf (v(z)/p(z) — a(z)) > 0;

zeRM?

(va2) L (v(x)/p(o0) — af)) > 0.

We consider the Sobolev exponent
1/p*(x) = 1/p(x) — a(z) /v (x) (4.1)
and the modular
W(x,r) = {ro(e,r) /POy, 1 /r) @@, (4.2)

THEOREM 4.1. Suppose p_ > 1. Then there exists a constant C' > 0 such that
][ U(z, [T f(2)]) de < Cr(z,r)™
B(z,r)
whenever z € R, r > 0 and || f| pox@mn) < 1.

12



As in Remark 3.2, Theorem 4.1 was treated on bounded open sets by Guliyev-
Hasanov-Samko [17, 18] in the case when ®(z,7) = r?(®). For the case when
®(z,7r) = r*@(log(e + r))?® and x(z,r) = r*@(log(e + 1/7))%®) see [28]. For
related results, see also [3, 4, 8, 33, 35].

COROLLARY 4.2. Let ®(r) = rP(log(e + r))? and x(r) = 7 (log(e + 1/r))?, where
l<p<oo,—0<qg<oo,0<v<n(ifv=n,then§=0). Setl/p* =1/p—a/v.
Then, for 0 < a < v/p, there exists a constant C > 0 such that

F o WLf@) do < On(r)
B(z,r)
whenever z € R", r > 0 and || f|| po.xmny < 1, where
U(r) = {r(log(e + r))¥/rAe/r,
REMARK 4.3. Condition (va2) is needed, as was pointed out by Hésto [22].

For the proof of Theorem 4.1, let us begin with the following technical lemma.

LEMMA 4.4 (cf. [28, Lemma 2.7]). Let 7 be a real number and let X : (0,00) —
(0, 00) satisfy the doubling condition. Suppose h is a nonnegative measurable func-
tion on R™ such that

h(y)dy < A(r)
B(0,r)
for all v > 0. Then there exist a constant C' > 0 such that

22 dt
/ ¢ [ ean
B(0,r2)\B(0,r1) r1

whenever 0 < r; < ry < 00.

LEMMA 4.5. Let 0 < 0 < np(00)/v(00). Then there exists a constant C' > 0 such
that

][ f)dy < Cr(x,r) VP& p(z,1/r)~1/P@)
B(z,r)
forallz € R", 0 <r <2(1+|z|)7 and f > 0 satisfying || f|| Lo @ny < 1.

Proof. Let f be a nonnegative measurable function on R" satisfying || f|| pe.xgn) <

1. Then we have

I=, @ sy < Oty
B(x,r
for all » > 0. Noting from (P3’) and (v2) that
(14 r)PO/E) o (1 4 p)p(eo)/v(e0)
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for 0 < r < 2(1+ |z|)?, we see from Corollary 3.6, (¢), (P1) and (v1) that

‘é()ﬂw@/s C {7 (e, 1)@ 4 (11 [2]) )

< O {/ﬁ(x,r)’l/p(x)go(x 1/k(x, r))fl/p(x) +(1+ r)’"/”}
< Cr(z,r) YP@p(z,1/r)~1/P@)

as required. O

LEMMA 4.6. For o as in Lemma 4.5, there exists a constant C' > 0 such that

/ 2 — gD f(y)dy < C5 D, 8) @ o, 51
(z,(1+|z])9)\B(z,9)

for allz € R", § >0 and f > 0 satisfying || f||ze.x@mny < 1.

Proof. Let
n = essint(v(z)/p(z) — a(z)).

Then n > 0 by (val). By Lemmas 4.4 and 4.5, (P1) and (¢), we have for all
rceR"and 0 >0

/ o= 4l 1) dy
B(z,(1+|z[)7)\B(,9)

2(1+z]) dt
<o ey g1y
6

(1+]z])” di
_C / ta(x)—u(x)/p(x)ﬂ/zw(x,t)—l/p(%(x,1 e &
é
< C6@g(z,6) V@ p(g,1/5) P
which completes the proof. ]

LEMMA 4.7. For o > 1, there exists a constant C' > 0 such that
F 5wy < Onlar) o 1)
B(z,r)

forallz € R", v > (1 + [z])7 and f > 0 satisfying || f|Lo~@mn) < 1.

Proof. Let f be a nonnegative measurable function on R" satisfying || f||po.x@n) <
1. Letting

() = w1+ ) (11 [y) ),

we have by (®1)

fw) oy, f(y))
l;ﬂﬂwwglgm“”@+cl;ﬂﬂ”<uwlmyumﬁdy
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for r > (1 + |z|)?. Since k(y) is bounded by (), (P1) and (1), we obtain by (¢),
(P1), (P3') and (v1)

k(y)*\p(OO)*p(y)l < Ck(y)*c/log(eﬂyl) <C

and
Poo(k(y)) _ el H]y)) _

oy, k() = ely, 1+ ly)~t) —

so that
Do (k(y)) < CO(y, k(y))

for y € B(x,r), where ®y(t) = t"*) oo (t). Hence we find by (P1) and ()
/ k(y)dy < Cre(z, r) Yo (1 /r)~H/P0)
B(0,2r)

since v(x)/p(c0) < v* /p(c0) < n, and
/ fy)dy < C{T"H(w,r)l/p(oo oo (1/7) 7 1/P(0)
B(z,r)

iz, 1) PN, (1 /) ~1p(o0) /
B(z,r)

@(y, f(v)) dy}
< Ol ) g 1))
by (¢), (P1), (v1) and 1+ |y| < 3r, as required. O

LEMMA 4.8. For o > 1, there exists a constant C' > 0 such that

/ o= g1 )y
R™M\B(z,(1+(z[))
< O [al) ™, (1 o)), (14 fa]) ) o

for all z € R™ and f > 0 satisfying || f|| po.xmny < 1.

Proof. Since
(1+ Jal) 170 o (1 fa] /7

by (P3), it follows from Lemmas 4.4 and 4.7 (P1), (¢) and (va2) that

/ o=y f )y
R™\B(z,(1+]z])7)

< C 190 g (1)) (1 /)10 L
(1)) t

< O+ fal) @, (14 [a])*) 7 (1 [a]) 7)),
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Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. We may assume that f > 0. Take o, ¢ and ¢’ such that
n/v(co) < ¢ < ¢ <o <np(oco)/v(co). For § > 0, write

L f(z) < / & — Y| O f () dy + / z — @ f(y)dy
B(x,0) B(z,(1+|x])?)\B(x,9)

n / 2 =y f(y)dy
R™\B(z,(1+]z])7)
= L+ 1+ Is.

Note that

o0

<y @t | F(y)dy < OO M f(x).
B(z,2798)\B(z,2=3—16)

7=0

Moreover, Lemmas 4.6 and 4.8 yield
I, < C(ga(w),i(x’ 5)71/1’(:10)%0(% 1/5)*1/})(2)

and
I;<C(1+ |x|)—w(w)/p*(w)

by (¢), (P1) and (v1).

Hence we find
Lo f(x) < C{8* WM f(z) + 6*r(x,0) P P2, 1/8) PO 4 (1 + |z]) P @
Now, letting

0 = {M [f(a)} PO, Mf ()" p(a, 1M f ()7,
we obtain from (), (P1) and (v1)
Lo 0) < C LML)V O, 13 (), b )00
) w)/p()l’
so that we have by (¢), (P1), (v1) and (val)

(o, Lo f(2)) < C {@(e, Mf(2)) + (14 [a) 2}

Here note from (P3') that

B(z,r)

IN

o][ (14 [2]) =) da
B(z,r)
Ck(z,7)7",

)

IA
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since ¢'v(00) > n and (k1). Hence it follows from Theorem 3.1 that

][ (@, Lo [(2))dz < O{][ @(m,Mf<x>>dx+][ (14 |z])~"v@ dx}
B(z,r) B(z,r) B(z,r)

< Ck(z,7)™?
for z € R™ and r > 0, which completes the proof of Theorem 4.1. O
5 Sobolev’s inequality in the case p_ =1
This section is concerned with Sobolev’s inequality when p_ = 1. For this purpose,

we further need the following technical conditions:
(kpl) K(x,r)p(z,1/r) < Cr"® for z € R" and r > 1;
(0s02) T771® () is quasi-increasing on (0, 00), where ®o (1) = rP(®) g (r);
(k1) there is v > 1 such that

]{B( )/i(x, (1+ |2]) " (log(e + |z|)) ™" do < Cr(z,r)™!

for z € R™ and r > 0.

THEOREM 5.1. For «y as in (ky1l), there exists a constant C' > 0 such that
]ix )‘I’@, Lo f(@)])(log(e + Lo f(2)] + Lo f(2)[ )" do < Cr(z,7)7"

whenever z € R", 7 > 0 and || f|| posmny) < 1.
For a proof of Theorem 5.1, we need the following result.

LEMMA 5.2. Let v > 1. Then there exists a constant C > 0 such that
Mg(x)(log(e + Mg(z) + Mg(z)™1)) ™ dz < Cr(z,7)™"
B(z,r)

forall z € R™, r > 0 and g > 0 satisfying

][ g(y) dy < k(z,r)~"
B(z,r)

for all z € R™ and r > 0.
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Proof. For 1 < v <2, we see that t(log(y+t+1/t))”" is increasing on (0, co) and
t(logle +t+1/t))7" < C(y)t(log(y +t+t71)) 7.
Let z € R" and r > 0. We set

9g=9o+91, 9go= 9XB(z,2r)-

Let
L=, Mo () (log(y + Mgj(x) + Mg;(z)~") " dz, j=0,1.
Then
e Mg(z)(log(y + Mg(x) + Mg(x)™")) " dz < C(Io + I).
We have B

I, = /OOO At) d(t(log(y +t+t71)™),

where A(t) = |[{z € B(z,2r) : Mgo(xz) > t}|. Here we note from [47, Theorem 1,
Chapter 1] that

A(t) < Ot / gol) da

{z€B(z,2r):g0(z)>t/2}

for t > 0. Using Fubini’s theorem, we obtain
I = / A(t) d(t(log(y + ¢ + 1))
0

<

2g0 (=)
/ 9o(x) {/ t~td(t(log(y + t + tl))w)} dx
B(z,2r) 0

/ go(x)dx = C/ g(z)dz
B(z,2r) B(z,2r)

< Cr'k(z,r) "t

C
< C

Next we see from (¢) that for = € B(z,r)
Mgy (x) < C'sup t_"/ g(y) dy < C'sup k(z, t)_l < C’Fo(z,r)_l,
t>r B(z,2t) t>r

so that

I < Mgy (z)dr < Cr'k(z,r) "
B(z,r)

Thus we obtain

o) Mg(z)(log(e + Mg(z) + Mg(x)™) ™" dz < Ck(z,r)7",

which proves the lemma. O
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REMARK 5.3. Theorem 5.1 and Lemma 5.2 don’t hold in case v = 1 (see [29,
Remark 2]).
In fact, consider ®(z,7) = r?®) k(r) = r",0 < a < n and p is an exponent of
the form
p(w) = 1+ ¢/ log(e + |z])

with ¢ > 0. If f =1 on B(0,1) and f = 0 elsewhere, then
[ Mpr oge + M) ) o = oc
R"\B(0,2)

and

| L) Wogle + Lf(a) ) = o,
R™\B(0,2)
where 1/p*(z) = 1/p(x) — a/n.

To treat the case p_ = 1, we modify some lemmas in Section 4.

LEMMA 5.4. There exists a constant C' > 0 such that
F o f)dy < Cnar) ol L) 0
B(z,r)

forallz € R", 0 <r < 2(1+ |z|) and f > 0 satisfying || f|| pex@mny < 1.

This is proved in the same manner as Lemma 4.5, by using condition (kpl).

Lemma 5.4 yields the following result in the same manner as Lemma 4.6.

LEMMA 5.5. There exists a constant C' > 0 such that
/ o=y )y < CEn(,8) (571
B(z,14|z|)\B(x,9)

forallz € R", § >0 and f > 0 satisfying || f||Le.x@mny < 1.
We next establish the following result.

LEMMA 5.6. There exists a constant C > 0 such that
F H@dy < Oy e (1) 1000
B(z,r)

forallz e R", r > 1+ |z| and f > 0 satisfying || f||pe.x@mny < 1.

To show this, in the proof of Lemma 4.7, we replace k by k(y) = (1 + |y|)~
with A > n, and then use (kpl) and (ps2).

Finally we prepare the following lemma.
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LEMMA 5.7. There exists a constant C > 0 such that

/ |z — y[* @ f(y)dy
R\ B(x, 1+ |2])

< O+ |2)*@n(a, 1+ Ja]) P p((1+ [a]) ) 7P
for all z € R" and f > 0 satisfying || f|| po.x@mny < 1.

In fact, if p(oco) = 1, then we see from the proof of Lemma 4.8 that

/ o =y 1)y
R™\B(z,1+z])

o L dt
<o ey eaun g
(1+]z) t

< O+ |2)*Ph(a, (1+ |2]) oo (L + |2) )7

by Lemma 5.6.

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. As in the proof of Theorem 4.1, we have by Lemmas 5.5
and 5.7

Lo () < CHUMS ()@ Op(e, M f ()~ Oz, 1/M f ()M
+ (1 + [2)*r(w, 1+ |2) PPz, (14 [af) =) 7P,
so that
U (2, I f () (10g(e + Ta@) [ (2) + Lo f(z)71) 7
< C{®(x, M f(x))(log(e + M f(z) + M f(x)™)
< C{Mg(z)(log(e + Mg(x) + Mg(x)™")

)77+ k(x, 1+ J2]) 7 (log(e + [2])) 7}
)7+ sz, 1+ |2)) 7 (log(e + [2])) 77}
by Corollary 3.6 and (k¢l), where g(y) = ®(y,
5.2 and (kv1)

f(y)). Hence, we obtain by Lemma

]i VL () 008+ L] () + Lo S(@)7)) 7

< C Mg )(log(e + Mg(x) + Mg(x)™")) " da
B(z
+ ][ ol 1+ o) (og(e + el)) " d |
B(zr)
< Ck(z,
for € R™ and r > 0, which completes the proof of Theorem 5.1. O]
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