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Abstract

The notion of classical Newton capacity has been generalized to various
forms. Among others, Meyers introduced a general notion of LP-capacity,
which is defined by general potentials of functions in the Lebesgue space LP
and such notion of capacity has been proved to provide rich results in the
nonlinear potential theory as well as in the study of various function spaces
and partial differential equations; see e.g., Adams-Hedberg [1]. The most
useful LP-capacity is Riesz capacity. The aim in this note is to estimate the
Riesz capacity of balls B(z, ) centered at x of radius 7 in the Orlicz setting.

1 Introduction and statement of results

For 0 < a < n and a locally integrable function f on R", we define the Riesz
potential I, f of order a by

Lf@) = [ o=y () dy

In the present note, we treat functions f satisfying an Orlicz condition :

| 1@Pasw) dy < . (1)

where p > 1 and ¢(r) is a positive monotone function on the interval (0, co) which

is of logarithmic type; that is, there exists ¢; > 0 such that
(pl) cilto(r) < p(r?) < erp(r) whenever r > 0.
We set @, ,(r) = rP¢(r) and
®y,(0) = 0,
because we will see from (p4) below that

r1~1>%1+ (I)p#;(”/") - 07
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see [16, p205].
We denote by L*7+¢(R™) the family of all locally integrable functions g on R"
such that

Opole) = [ Byollofo) do < o

Let G be a bounded open set in R". For £ C G, the relative («, ®,,,)-capacity
is defined by
Cas,, (B G) = ir}f @, (f),

where the infimum is taken over all functions f such that f = 0 outside G and
I.f(x) >1 forallz € £

(cf. Adams-Hedberg [1], Meyers [12], Ziemer [21] and the first author [13, 14]).
Our first aim in the present note is to give an estimate of (a, @, ,)-capacity of
balls. We denote by B(z,r) the open ball centered at x of radius r. For fixed «,

set .
oplr) = / (YD gyt

when 0 <7r < 1.
As an extension of Adams-Hurri-Syrjanen [3], Joensuu [11] and Mizuta [14,

Section 8.3, Lemma 3.1], we state our theorem in the following.

THEOREM A. There exists a constant A; > 0 such that
ATy (r) D < G, (B(0,7); B(0,1)) < Aypy(r) "0~V
whenever 0 < r < 1/2.

Theorem A was proved by Adams-Hurri-Syrjénen [3, Theorem 2.11] in the case
when o(t) = (log(e +1))? with p =n/a > 1 and 0 < 8 < p — 1. Recently Joensuu
9, 10, 11] treated the case when ¢ is nondecreasing. Their main idea was to use the
rearrangement equivalent norm for || f{| L@y gy ([6, 9, 10]). Our proof will be done
straightforward from the definition of capacity, and several technical assumptions
posed in [11] are removed. If ¢,(0) < oo, then Cqg, ({0};5(0,1)) > 0, and
I.f is continuous when f € L% (R") has compact support, in view of Mizuta-
Shimomura [18] .

If ap < m, then we see from (p4) below that

2y(r) ~ [ Pp(r 1))V

when 0 < r < 1/2, where we write f ~ g if there exists a constant A > 0 so that
A™lg < f < Ag.



COROLLARY 1.1. If ap < n, then

Co,o (B(0,7); B(0,1)) ~ 7"~ Pp(r™)

7q>p7(P
whenever 0 < r < 1/2.
ExaMPLE 1.2. For n = ap, consider the function

o(t) = (log(e +1))”.

If 6 <p—1, then
p(r) ~ (log(e + 1/r))~7/®=D+

for 0 < r < 1. In this case
Ca,.,(B(0,7); B(0,1)) ~ (log(e + 1/r))P—rtl

whenever 0 < r < 1/2.
If 3=p—1, then

wp(r) ~ log(e + (log(e +1/7)))
for 0 < r < 1. In this case
Cody, (B(0,7); B(0,1)) ~ (log(e + (log(e + 1/7)))) "
whenever 0 < r < 1/2.
REMARK 1.3. We here introduce another capacity. Define
191l ove (mny = E{A > 02 @y o (g/A) < 1}
This is a quasi-norm in L®7¢(R"). For a set £ C G, we define
Now, . (8 G) = f || £, , @)

where the infimum is taken over all nonnegative measurable functions f on R”
such that f = 0 outside G and Iy, f(x) > 1 for all x € E. With the aid of [§],

one can find a constant A > 1 such that
Ailgop(r)i(pil) S Na,@p,w<B(Ov T); B(07 1)) S A@p(r)i(pil)

for 0 < r < 1/2. This implies that two quantities Cy e, ,(B(0,7); B(0,1)) and
Nos,,(B(0,7); B(0,1)) are comparable. We do not know whether two capacites
Ca0,.,(:B(0,1)) and Ny, (-; B(0,1)) are comparable or not.
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Next consider the Morrey-Orlicz space M"®»#(R") of all functions g such that

w1 f @, (lg(w) dy < o
B(z,r)

z€R",r>0

with the quasi-norm

||g||Mu,@p,¢<Rn)=inf{A>o: sup r”][( 9001/ dyﬁl}-
B(x,r

zeR™,r>0

For fundamental properties of Morrey-Orlicz space, we refer the reader to the pa-
pers by Adams-Xiao [4], Mizuta-Nakai-Ohno-Shimomura [15] and Mizuta-Shimomura
(19, 20] .

Our second aim in the present note is to give an estimate of Morrey-Orlicz

capacity of balls defined by
NOL,MD’q)pa‘P (E7 G) lnf HfHMV Pp, @ ( Rn)
where the infimum is taken over all functions f such that f = 0 outside G' and
I.f(x) >1 for all z € E.

For fixed «, v, consider

o) = [ o e
when 0 < r < 1.
THEOREM B. Suppose ap < v < n. There exists a constant Ay > 0 such that
A5G0 (r) 7 < Ny g (B(0,7); B(0,1)) < Aoy (r) 7

whenever 0 < r < 1/2.

This is an extension of Adams-Xiao [4, Theorem 5.3].

The case v = n was treated by Theorem A. If ¢,(0) < oo, then
N, e ({0} B(0,1)) > 0, and I, f is continuous on R"™ when f € M"®»#(R")

has compact support, in view of Mizuta-Shimomura [19, 20] .

COROLLARY 1.4. If ap < v, then
Ny pmtpe (B(0,7); B(0,1)) ~ Y Pp(rh)

whenever 0 < r < 1/2.



EXAMPLE 1.5. Let ¢(t) = (log(e + ))? . If ap < v, then
Fo(r) ~ [~ logle + 1/r))")
for 0 < r < 1/2, so that
Ny awone (B(0,7); B(0,1)) ~ r*~*?(log(e + 1/r))"

whenever 0 < r < 1/2.
If ap =v and B < p, then

Bp(r) ~ (log(e +1/r)) =77
for 0 < r < 1/2, so that
Noavsenp (B(0,7); B(0,1)) ~ (log(e +1/r))"7"
whenever 0 < r < 1/2.

For further related results, see Aissaoui-Benkirane [5], Adams-Hurri-Syrjinen
2], Edmunds-Evans [7] and Mizuta-Shimomura [16, 17, 18].
Throughout this note, let A denote various constants independent of the vari-

ables in question and A(a,b,---) be a constant that depends on a,b, - -.

2 Proof of Theorem A

First we collect properties which follow from condition (1) (see [14], [16, Lemma
2.3], [15, Section 7]).

(p2) ¢ satisfies the doubling condition, that is, there exists co > 1 such that
ey to(r) < p(2r) < cp(r) whenever r > 0.

(p3) For each v > 0, there exists c3 = c¢3(y) > 1 such that
c3to(r) < o) < esp(r) whenever r > 0.

(p4) For each v > 0, there exists ¢4 = c4(y) > 1 such that

sTp(s) < eat™p(t) whenever 0 < s < t.

(p5) For each v > 0, there exists ¢5 = ¢5(y) > 1 such that

t77p(t) < 58 7p(s) whenever 0 < s < t.



(p6) If ¢ and ; are positive monotone functions on [0, 00) satisfying (¢1), then
for each v > 0 there exists a constant cg = cg(y) > 1 such that

ce to(r) < o(rpi(r)) < cgp(r) whenever r > 0.

Consider the function

®, ,(r) :/ sup s '@, ,(s) dt.
0

0<s<t

Then @, , is nondecreasing and

Py (1) ~ (bp,@(r)

by (¢4). Thus || - |

Lo (rey defines an equivalent norm to || - [| e, gy, and

Cap,,(E,B(0,1)) ~C,5, (E,B(0,1))

Ppp

for £ C B(0,1/2).

LEMMA 2.1. There exists a constant A > 0 such that
Cody o (B(0,7), B(0,1)) < Agy(r)~"

for 0 <r < 1/2.

Proof. We prove this lemma only when ap =n. Set K = ¢,(r). If r > 0 is small,
say 0 <r <7y (< 1/2), then we see from (p4) that

rKYe < \/r.
For 0 < r < rg, consider the function

Fr(y) = K7y~ p(K Yy

for r < ly| < K~ and f, = 0 elsewhere. If y € B(0,1)\ B(0,r) and = € B(0,r),
then |z — y| < 2|y|. Hence we have

Lfi(z) > 207 / W1 foly) d
B(0,1)\B(0,r)

1
20 "y K [t ]~V ®=D dt /¢

rK1l/a

AK~ / “Ve=D g/t

v

A%



since @, (r) is of log-type, where w,,_; denotes the area of the unit sphere. Hence

we obtain

Ca:q)p,ga (B(0,r), B(0,1)) < A(I)Pm(fr)'
Since (f,) < Ap(K~Y|y|=') by (¢6), we obtain

/ O, (f(y) dy < AKP/ ly| P (B y ) TP/ P DEL gy
B(0,1) B(0,K~1/*)\B(0,r)

< AKPHL
Thus it follows that

Coa, . (B(0,7),B(0,1)) < AKP*!

’(I)P#P

for 0 < r < ry.
If ro <r < 1/2, then

Cogﬁbp’w (B(()? r)7 B(()? 1)) S Caycbp,«p(B(O? 1/2)7 B(()? ]‘))
= A
< AK*erl’
which proves the lemma. O

LEMMA 2.2. There exists a constant A > 0 such that

Coay, (B(0,7), B(0,1)) > Agy(r)~#~1.

7q>177¢’

for 0 <r <1/2.

Proof. We prove this only when ap = n, since the case ap < n is proved similarly.

For 0 < r < 1/2, take a nonnegative measurable function f on B(0,1) such that
If(x) > 1 for x € B(0,r).

Then we have by Fubini’s theorem

/ dr < / I,.f(z) dx
B(0,r) B(0,r)

/ (/ |as—y|a—"dx)f<y>dy
B0,1) \JB(O)

A [ ) ) d
B(0,1)

IA

IN

so that
1<A / (r 4 1y)™ " F(y) dy.
B(0,1)

7



We show that

1< A[@p(r)]p_lq)p,cp(f)- (2.1)

Let 0 <e <1 and K = ¢,(r). Considering
k(y) = K1 (r+ y) "l (B0 + fyl) ]~ VeY,

we obtain

/ v+mma"ﬂwdys/“ (r + [y)* k() dy
B(0,1)

B(0,1)

an FON o(f(y)
*AZ§@“+M> ﬂ”(ﬂ%) k() ©

-1 i [gp(K’l/o‘(r + t)*l)]’l/(pfl)(r + 1)t dt

AN
o
™

=

+M@W”Z%Dﬂw%U@D@

< A+ A(e)KPT10, o (f),
since

AE)e((KH(r + [y ™) (Ko (r + Jy) =] *7Y)
> Al)p(K(r +1y)™)

o(k(y))

v

by (¢2) and (¢6), and

IN

Kl/e
[ et e dsys

K1/«

1
[ et e e e

IN

Kl/a
AK+/ (s~ V0 ds/s
1

AK + Amax{1, [p(KY*) V"=V ]og K
AK

N

IN

by (¢6). Now it follows that
1 < Ae + A(e)KP'®, ,(f).
By taking Ae = 1/2, we obtain (2.1), and hence
1< Apy(r)" Ca, . (B0,7); B(0,1)),
which proves the conclusion.
Now we establish Theorem A by use of Lemmas 2.1 and 2.2.
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3 Proof of Theorem B

To prove Theorem B, we prepare some lemmas.

LEMMA 3.1. If ap < v < n, then there exists a constant A > 0 such that
Ny awone (B(0,7); B(0,1)) < Agp(r) "
whenever 0 < r < 1/2.

Proof. We show this lemma only when ap = v. For 0 <r < 1/2 and K = ¢,(r),

consider the function
foly) = Ky le(lyl )7

for r < |y| < 1 and f, = 0 elsewhere. If € B(0,r), then, as in the proof of

Lemma 2.1, we have

Iofr(z) = A,
so that
Nysgosine (B(O,1): B0, 1)) < ANFl1 iy o
Setting
9:(y) = Iyl (lyl )] ~7,
we have

[ wutaaysa [y dy < avee,
B(w,t) B(0,t)

which implies that [|g,[| ygv.ep.mny) < A. Hence it follows that
o llygetnny < AK g lLygetnony < AKT,
which proves the lemma. O

LEMMA 3.2. If ap < v < n, then there exists a constant A > 0 such that

Na,./\/l”’q)PW (B<07 7"), B(Ou 1)) Z A@p(r)_p

whenever 0 < r < 1/2.

Proof. As before, we show this lemma only when ap = v. For 0 < r < 1/2, take a

nonnegative measurable function f on B(0,1) such that

I.f(x) >1 for x € B(0,r).



Then, as in the proof of Lemma 2.2, we have

A ) f(y) d
| < /B IR0

We show that

1< A@p( ) ||f||MV‘I>p¢ (R")"

To show this, we may assume that || f|| ygv.2p.» gy < 1. Considering

k(y) =yl le(lyl =77,
we find

FY o)
Jéw,t)f W) dy < Jé(o,t)’“@’ dy”]{g(o@f <y>(k<y>> k)

< At VP 4+ ARO[ ][ ., Jrelr) dy

< ACp(th] T,

so that
/ LT dy < A / ( / LI dy) (r 4+ 1) dt
< A / (r+ 8 p((r + )] dt
< Ap(r),

which gives (3.1). Thus we obtain
1< Agép(r)pNavap,w(B(O,T); B(0,1)),
which proves the conclusion. O

Now we establish Theorem B by use of Lemmas 3.1 and 3.2.
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