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Abstract

Let a, v, B, p and ¢ be all variable exponents. Our aim in this paper is to
deal with Sobolev embeddings for Riesz potentials of order o with functions
f in Morrey spaces L®"A(G) with ®(t) = t?(log(e + t))? over a bounded
open set G C R". Here p and ¢ satisfy the log-Hélder and the loglog-Hélder
conditions, respectively. Also the case when p attains the value 1 in some
parts of the domain is included in our results.

1 Introduction

Let GG be a bounded open set in R™. We denote by dg the diameter of G.
For a measurable function a : R® — (0,n), we define the Riesz potential of
order « for an integrable function f on G by

Lo f(x) = / |z — y|* 7" fy) dy.

Here and in what follows we assume that f = 0 outside G. We also assume that
a_ = essinf,ern a(x) > 0.

We denote by B(z,r) the ball {y € R" : |y — z| < r} with center z and of
radius r > 0, and by |B(z,r)| its Lebesgue measure, i.e. |B(z,r)| = 0,7", where
o, is the volume of the unit ball in R™. We define the integral mean of f over

B(z,r) by
1
dy = ——— dy.
]{9 W= e /B W

Following Cruz-Uribe and Fiorenza [5], we consider continuous functions p :
R" — [1,00) and ¢ : R™ — R, which are called variable exponents. In this paper,
we consider variable exponents p and ¢ on R" such that
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(P1) 1 <p_ =inf,ern p(z) < sup,ern p(z) = pi < 00;

(P2) [p(x) —p(y)| < C/logle + 1/|z —yl|) whenever z € R" and y € R™;

(QL) — - = infeern ¢(x) < supgern q(2) = ¢4 < 00;

(Q2) |q(z) — q(y)| < C/log(e + (log(e + 1/|x — y|))) whenever z € R and
y € R"™

If p satisfies (P2) (resp. ¢ satisfies (Q2)), then p (resp. ¢) is said to satisfy the
log-Hoélder (resp. loglog-Holder) condition.
Set
P(x,1) = Dpy(x, 1) = @ (log(e + r))9@).

For bounded measurable functions v : R® — (0,n] and 8 : R" — R, let L*"%(Q)
be the set of all measurable functions f on G such that || f|[ e..5() < 0o, where

[palyne)
= inf {)\ >0: sup @ (log(e + 1/7,))5(@][ Oy, |f(y)]|/N) dy < 1};
B(z,r)

z€G,0<r<dg

we set f = 0 outside G. For the constant Morrey spaces, we refer to [19], [27] and
[15, 22, 24, 25]. For simplicity, in the case v = n and 3 = 0, L*"#(G) is denoted
by LPO)(log L)10)(G).

Throughtout this paper, we assume that (P1), (P2), (Q1) and (Q2) hold and
that there exists a constant K > 0 such that

K(p(x) —1)+q(z) >0 (1.1)

for all z € R™. In this case we can find ¢y > e such that, for each fixed z € R",
®(z,7) = rP@(log(co + )™ is convex on [0, c0), lir% O(z,r) = &(x,0) = 0 and
lim ®(z,r) = oo (see [9, Theorem 5.1]). Then || - ||ams(g) i a quasi norm, since

Oz, c'r) < ®(x,7) < B(w, cr),

for some constant ¢ > 0 independent of z € R™ and r > 0. Furthermore, t~'®(z, t)
is uniformly almost increasing on (0, 00), that is, there exists a constant C' > 0
such that

s 0 (x,5) < Ot 1 ®(x,t), (1.2)

whenever 0 < s <t and x € R".
Our aim in this paper is to discuss the boundedness of the operator I,

f — Iy f(x) from the Morrey space L**#(G) to another Morrey space L¥"*#(G)
with suitable W(x,r). When p_ = inf,cgr» p(x) > 1, the maximal functions are a
crucial tool as in Hedberg [8], where an easy proof of Sobolev’s inequality for Riesz
potentials is given. Since we are mainly concerned with the case p- = 1, our
strategy is to find an estimate of Riesz potentials by use of another Riesz-type
potentials of 0 order, which plays a role of the maximal functions (see Sections 2
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and 3). Our result contains the known result, as a special case, that I, is bounded
from L'(log L)4(G) to LP (log L) 9*(G) for p* = n/(n — «) and ¢ > 0 (O’ Neil
[26, Theorem 5.2]); see Remark 2.3.

In Section 4, we investigate the case p_ > 1. For this purpose, we first show the
boundedness of the Hardy-Littlewood maximal operator M. Our result contains
the known result, as a special case, that I, is bounded from LP(log L)?(G) to
LP" (log L)P"4/?(@) for p* = np/(n — ap) and g € R (O’Neil [26, Theorem 4.7]); see
Remark 4.7. For related results, see [1, 3, 4, 16, 17, 18].

In Section 5, we are concerned with Morrey version of Trudinger’s type expo-
nential integrability for I, f(z) in the case p_ > 1. Our result contains the result
of Trudinger [30] and [12, Corollaries 4.6 and 4.8] as special cases (Remark 5.4).
The result is also an improvement of [15, Theorems 4.4 and 4.5]. For related results,
see [2, 4, 10, 11, 28, 31].

In the last section we discuss the continuity of I, f(z). For a function ¢ :
R" x (0,00) — (0,00), let Ay(G) be the set of all functions f on G such that
[ fllasie) < oo, where

) 2/ (x) = /(v)
R P ) R PA )

See [23] for the function space Ag. If ¢(z,r) = 77 then we denote A4(G) by
Lip,(G). In the last section we show the boundedness of the operator I, from

L*"8(@G) to Ag(G) under some conditions. It is known that I, is bounded from
LP(G) to Lip,(G) for 0 < v = a—n/p < 1. We extend this fact to the boundedness
of I from LPO) to Lip,,(G) as a corollary (Corollary 6.2).

Throughout this paper, let C' denote various constants independent of the vari-
ables in question and C(a,b,---) be a constant that depends on a,b, - - -.

2 Sobolev’s inequality in the case p_ =1

Recall that « : R* — (0,n), v : R® — (0,n] and § : R" — R are bounded
measurable functions and o > 0. Throughtout this section, we assume that

essinf (1/p(z) — a(x)/v(z)) > 0. (2.1)

rzeRM

In this case we have v_ > a_ > 0.

Our first aim is to give the following Morrey version of Sobolev’s type inequality
for Riesz potentials of functions satisfying Morrey conditions. We consider the
Sobolev exponent

1/p*(z) = 1/p(x) — a(x)/v(x) (2.2)

and the new modular function

U, £) = 7" @) (log(e + 1))7" @ a@)/p@)+a@)5) /via) (2.3)



THEOREM 2.1. Let p_ = 1. Suppose that (2.1) holds. Then, for each ¢ > 0, there
exists a constant C > 0 such that

][ U (, Loy f(2)]) (log(e + Lo f(2)])) ) do < Cr™® (log(e + 1/r) 77
B(z,r)

whenever z € G, 0 <1 <dg and || f||pevs) < 1.

REMARK 2.2. For n € R, set

U,(z,t) = W(z,t)(logle+1))~"
= 7" @)(log(e + t))P" @a@)/p@)ta@)B@)/v()=n

Then \T/n(x,t) satisfies the condition (1.1) with p(z) and g(z) replaced by p*(z)
and p*(x)(q(z)/p(x) + a(x)B(x) /v(x)) — n, respectively, and thus || - ||Lq,n,,,ﬂ(G) is a
quasi norm.

REMARK 2.3. In this theorem, we can not take ¢ = 0 (see [11, Remark 3.3] and
O’Neil [26, Theorem 5.2]).

This theorem gives the following norm version.

COROLLARY 2.4. Let p_ = 1. Suppose that (2.1) holds. Then, for ¢ > 0, there
exists a constant C' > 0 such that

a0l e wsiy < ClF s,

For € > 0, setting
p:(r) =r"(log(e + 1/7"))_'5_1,

we consider the logarithmic potential

J.f(x) = /G pellz = y)a(y) dy,
where g(y) = ®(y,|f(y)]) = |f(y)P¥ (log(e + | f()]))?®. Write

Lof@) = [ Je— gy [ eyl ) dy
B(x,6) G\B(z,9)
Following the Hedberg trick [8], we give an estimate of I1(d) by J.f(x), instead
of maximal functions. After this, we give an estimate of I3(d) by use of Young’s
inequality. Finally, taking ¢ suitably, we obtain an estimate of I, f(x) by J. f(x).

For this purpose, we prepare some lemmas.
Let us begin with an estimate of I1(d) by J.f(z).

LEMMA 2.5. For 0 < § < dg, v € G and a nonnegative integrable function f on
G, set

1(6) = / 2 — y[*@ " 1 (y) dy.
B(z,9)
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Let € > 0 be fized and set J = J.f(x) for simplicity. Then there exists a constant
C > 0 such that

L(6) < C{5*@)—@/p@)(1og(e 4 1/§))~@@)+0@)/p(z)
+ §o@HEE@)-Dr@/p@) (10g (¢ 1 1/§))P@)~@@+BE)/p)+(0+e) 11

Proof. For k > 0, we have by (1.2)
hO) < k[ oy
B(z,0)

co [y (H2) (e I,

- @ 1 p(y)—1 1 q(y)
B(x,6)| Y| 9(y) ? Tog(c 1 1) y

< C{ké"‘(””) + 6@ (log(e + 1/5))'+¢

X /B(x’é) pe(lz —yl)g(y) (%)p(y)l (m)q@ dy}-

k= 670/ (log(e + 1/5)) @@ FTAE)/pl),
For y € B(z,0), note from (P2) that

We set

[(p(w) — p(y))logk| < C

so that
EPW) < O ~P@), (2.4)

Similarly, by (Q2) we have
(log(e + k))™1@ < C(log(e + k))~2@. (2.5)
Consequently it follows from (2.4) and (2.5) that

L(6) < C{ga(ﬂ«“)*l’(w)/p( )(log(e +1/6))” (¢(z)+5())/p(x)
+ §e@HPE) DY @)/P@) (16g (e 4 1/6) )@~ a@+0@)/pE)+HA+e) J1

Now the result follows. O]

Next we give an estimate for

1,(5) = /  — gD f () dy
G\B(z,6)



LEMMA 2.6. There exists a constant C > 0 such that
F @)y < Crr ) log(e 4 1)) o0
B(z,r)

forallz € G, 0 <r <dg and f > 0 satisfying | f||Leve < 1.
Proof. For k > 0, we have by (1.2)

= k+C g(y)k PV (log(e + k)) "Wy,
B(z,r)

where g(y) = f(y)?¥ (log(e + f(y)))!® as before. Setting
k= r=r @/ (Iog (e 4 1 /7)) ~0@+5@)p(),
we find by (P2) and (Q2)

ff@dy < kOl ©ogte+ 1) f - gly)dy
B(z,r) B(z,r)
< Ck
as required. O

LEMMA 2.7. Let A\, p,v,7 and ~ are real numbers. Suppose h is a nonnegative
measurable function on R™ such that

/B )y < (e + 1)

for all r > 0. Then there exist a constant C' > 0 such that

. _ 27"2 o o dt
/ ly|~"(log(1/[y])) " h(y)dy < 0/ t7"*log(e + 1/t)) ™+ —
B(01r2)\B(01r1) T1

whenever 0 < r; < ry < 00.

Proof. By the integration by parts we have

/ I os(1/ly) " h(y)dy
B(0,r2)\B(0,r1)

<[ ( / Ny f<y>dy) = (08(1/0) ) + (o812 [ Sy

B(0,r2)

Hence it suffices to note that

ry” (log(L/r2))™ / o Sy S T (e 4 1))

IA

279 o o dt
C/ 7" (log(e+ 1/t))™H 77

T2



LEMMA 2.8. There exists a constant C > 0 such that
L(6) < C5@=v@/P@)(Jog (e + 1/5))~ @@ +B8@)/p()
forallz € G,0 <6 <dg and f > 0 satisfying || f||Levs@c < 1.

Proof. Let
n = essinf(v(z)/p(r) — a(z)).

Then n > 0 by (2.1). By Lemmas 2.6 and 2.7 we have for all x € G and 0 < § < dg

2o dt
L(§) < C’/ @) =v@)/p@) (og (e 4 1 /¢)) =1/ p(x)=6)/p(x) ;
5

IA

=) /o) /2 folar-pa/oa) [ sz A

C 5@ —vi@)/ple)tn/2(] 1/0 TP "

(e + 1/6)) [
< @) -v@)/pl )(log(e + 1/5))—q(x)/p(x)—ﬁ(w)/p(x)’

which completes the proof. ]

What remains for the proof of Theorem 2.1 is to give a Morrey property for

LEMMA 2.9. There exists a constant C' > 0 such that
][ J-f(x)de < Cr~ ”(Z)(log(e+ 1/r))~ Blz)—e
B(z,r)

forall z € G, 0 <r <dg and f > 0 satisfying || f| pevsc) < 1.

Proof. For z € G and 0 < r < dg, write

@) = /B el dy + / ol = y)g(y) dy

G\ B(z,2r)

/B(zzr) (J{B(z,r) pe(le = y|)df€) 9(y) dy

Crm(log(e +1/r))~* / S

< COr e (log(e + 1/7“))_’8(2)_5

Then we have

][ Ji(z) dx
B(z,r)

IN

IA

and
}om@dr < e gl yhatwdy
B(z,r) G\B(z,2r)
< Cr®(log(e + 1/r)) &=,
where we use Lemma 2.7 for the last inequality. [
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Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We may assume that f > 0. For § > 0, write

]oa(x)f(w) = Il<5)+12(5)

In view of Lemma 2.5, we find

L(§) < c{(sa 2= @) /5@ (log(e + 1/8))~@@+5)/p()
L+ §U@HE@ @)D (log (e 4 1/5))P@-@@H8E)/pEHI+) Ty

Moreover, Lemma 2.8 yields
I(6) < G @PE) (log(e + 1/)) BN/,
so that
Ly f(z) < C{(;a(w) v@)/P@) (Jog(e 4 1/6)) @@ +8@)/p(z)
+ 5@+ EE-DH@/PE) (1606  1/8))PE - @@H6E)/p@)+0+) Ty
Now, letting § = min{dg, J~/*@ (log(e + J))~B@+1+))/¥(2)1 " e obtain
Ly f(z) < 0{1 + JYP" @) (log(e + J))—a(w)ﬁ(w)/l/(fc)—Q(I)/p(w)+(1+€)/p*(ﬂc)}_

By Lemma 2.9, we obtain

< C][ (1+J)dx
B(z,r)
< COrv) (log(e + l/r))_ﬁ(z)_6

for z € G and 0 < r < dg, which completes the proof of Theorem 2.1.

ExAMPLE 2.10. Let

0 when ¢t = 0,
w(t) =4 1/log(1/|t]) when 0 < |t| < 7o,
1/log(1/r¢) when [t| > 1o
and
0 when t = 0,
n(t) =< 1/loglog(1/]t|) when 0 < |t| < r,

1/loglog(1/r¢) when [t| > rg

for 0 < 7y < 1/4. Consider
p(l’) = p(l’l, .1’2) =1+ CLCU(IQ),
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and

q(x) = (1, 22) = b(2),
where a > 0 and b > 0. Then, note that p(-) satisfies the conditions (P1) and (P2)
and ¢(-) satisfies the conditions (Q1) and (Q2). Let v > 1. If

£(9) = Iyl (log(e + 1/]ga]))",
then note that
]i TP o+ Sy < O / el (log(e + 1/ lyal)) dy
< Cr'(log(e +1/r))™"

for all z€ B = B(0,1) and r > 0, when § =~ — 1 > 0. Here we may assume that

1
72 # 0. Setting Q(x) = {y = (y1.2) € B : 21 — 1] < |2yl < |aaf}, we note
that

If(z) > /Q & — ]2 (y)dy

(z)
> Clagf? / f(y)dy
Q(x)

|z2]
> Claf™™ [l o2 + 1al ) e
0
> Clas]* (log(2 + |zo| ™)) 7,
Since
1/p*(x) = 1/p"(y) = 1/p(x) — 1/p(y),
we see that

][ L f(2)7 @ (log(e + I f(x))) @)/p@r ) @)-(1+2) g
B(0,r)

= C][ 2]~ (log (e + 1/|22]) "~ da
B(0,r)
> C’T_l(log(e + 1/7‘))_5_6

forall 0 <r < 1.
This implies that Theorem 2.1 is best possible as to the exponents appearing
in the Morrey condition.

3 Sobolev’s inequality in the case p_ =1 and ¢_ >
0

Let p_ = 1. In this section we assume that there exists a constant ¢y > 0 such that
sp(x)*l(log(e + 8))(1(%)*% < tp(x)*l(log(e + t))q(x)fqo’ (3.1)

whenever 0 < s < t and z € R". Let p* and ¥ be as in (2.2) and (2.3), respectively.
Under this assumption, Theorem 2.1 is shown to be valid for € = 0.
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THEOREM 3.1. Let p_ = 1. Suppose that (2.1) and (3.1) hold. Then there ezists a
constant C' > 0 such that

]{9( )‘P(ﬂf,\fa(m)f(iv)l)(log(eJrIfa(z)f(il?)!)) dz < Cr~® (log(e + 1/r))

forall z € G, 0 <r <dg and f satisfying || f||pe.vs) < 1.

COROLLARY 3.2. Let p_ = 1. Suppose that (2.1) and (3.1) hold. Then there exists
a constant C > 0 such that

||faf||L@1,uﬂ(G) S ONlfllLovs(c),
where Uy (z,t) = ¥(z, t)(log(e + )"
REMARK 3.3. If p(z) =1, q(z) = ¢ > 0, v(x) = n and B(z) = 0, then p* =n/(n —

) and the Riesz operator I, is bounded from L'(log L)%(G) to LP (log L)P 1~ (G),
which is a consequence of O'Neil [26, Theorem 5.2].

For € > 0, let
p—e(r) =r"(log(e + 1/70))571.

For a nonnegative measurable function f on G, we define the logarithmic potential

L. f(x) = p—c(|z —yl)(log(e + f(y))) “9(y) dy,

/{yeG:Iw—y‘E<f(y)}

where g(y) = f(y)"" (log(e + f(y)))*¥
For the proof of Theorem 3.1, we need to modify Lemmas 2.5 and 2.9 in the
following manner.

LEMMA 3.4. Let 0 < e < qo/2 and

F(5) — _ a(z)—n< log(e + f(y)) >€ y
©) /{yEB(xﬁ):lx—y|‘€<f(y)} = =4 log(e + 1/]x — yl) fy)dy

for 0 < 6 < dg and a nonnegative measurable function f on G. Then there exists
a constant C' > 0 such that

F((S) < C{5a z)—v(z)/p(x )(log(e + 1/5)) (q(z)+B(x))/p(x)
+5aa¢+(p x)—1)v(z)/p (I)<log<€+ 1/5)) (g(z)+B(z))/p(x +1L f( )}

Proof. Let E = {y € B(x,0) : |v —y|™ < f(y)}. For k > 0, let
={y € B(z,0) :|a —y|™ < fy) <k}, Ej=E\E.
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Then we have

atwy—n (_losle+ f(y) )
5 |z —y| (@) (log(e+1/|x—y|)) f(y)dy

k(log(e + k))° / 2 — 2@ (log(e + 1/|z — y[))~* dy

B(z,0)

IN

5
= Ck(log(e+k)) / t*@ 1 (log(e 4 1/t)) "¢
0

< Chlog(e + K))20°@=2(log(e + 1/5)) / o271 gy
= Ck(log(e + k))F6°® (log(e + 1/5)) ¢,

and, using (3.1),

()=n ( log(e + f(y
log e+1/|a:—y|

) o
¢ [ oo (eI Y g

log e—}-1/|1’—y|

(5

_ / & — y|*@ " (log(e + 1/ |z — y|))~*(log(e + f(1))) “g(y)

p(y a(y)—2¢
@) )
log(e

< C5‘“($)(log(6+1/5))1_26/ e(lz —y[)(log(e + f(y))) “9(y)

" (E) " (1og<1 k))q@)-% w

F(5) < C’{k(log(e + k))6%® (log(e + 1/6)) ¢

log(e + f( )) alv) =2 d
log(e + k)

| =

Hence

48 logle+1/8) [ pllo ~ yl)og(e + ) “aly)

E
1\ @1 1 q(y)—2e ;
“\k log(e + k) vy

= 5 (log(e + 1/5)> z)+6(z))/p(x)
Then we have for y € B(z,0),

We set

P < C'k—P@)

11



and
(log(e + k)@ < C(log(e + k)1
by (2.4) and (2.5). Consequently it follows that
F(6) < C{5a x)—v(z)/p(z (log(e +1/6))" (¢(x)+8(x))/p(x)
+5a(w‘)+(p z)— 1)”($)/p(x)(log(e+1/5)) —(q(z)+p(=))/p(x)+1 ] f( )}
Now the result follows. O

LEMMA 3.5. There exists a constant C > 0 such that
][ L.f(z)dz < Cr="®(log(e + 1/r)) @
B(z,r)

forallz € G, 0 <r <dg and f > 0 satisfying || f|| L5 < 1.

Proof. Let f be anonnegative measurable function on G satisfying || f|| pe.v.6(c) < 1.
Write

Liw = [ p-<(Jz = yl)loge + F(4))) “o(v) dy
{yeB(z,2r):le—y| == <f(y)}
+f p-<(le = y)log(e + F(1)) “g(y) dy
{yeG\B(z,2r):|z—y| == <f(y)}
= Li(z) + La(2),
where g(y) = f(y)*™ (log(e + f(y)))?¥). By Fubini’s theorem, we have
Li(x) dz
B(z,r)

= O/ (/ p—5(|x_y|)d$) (log(e + f(y))) “g(y)dy
B(z,2r) {yeG:|z—y|—s<f(y)}
< O/ g(y)dy < Cr"="®)(log(e 4 1/r)) 7).
B(z,2r)
For Ls, note that

Lyz) < C /G e = ot 171 = ) dy

< C |z —y| " (log(e + 1/|z —y])) 'g(y) dy
G\B(z,2r)

for x € B(z,r). Hence, as in the proof of Lemma 2.7, we see that

/ Lo(x) dr < Cr" / 12—y (log(e + 1/]z — y)) 9(y) dy
B(z,r) G\B(z,2r)

IN

2dg dt
Cr" / t7"@ (log(e + 1 /1&))—5(‘2)—17
2r

< Oy (log(e + 1/7‘))_ﬁ(z)_1.

Thus this lemma is proved. O
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Proof of Theorem 3.1. We may assume that f > 0. For ¢ = min{a_/2, ¢o/2} and
reR" set L =L.f(x).
For § > 0, write

L f(2) = / 2 — g @ f () dy + / z — gD f () dy
B(x,5) G\B(z,0)
= 1(0) + I1(9).

In view of Lemma 3.4, we find

L) < / & — ye@me gy
B(z,0)

_ate)—n [ (og(e + f(y))) >€ p
+/{y63<m|m sy " Y <1og<e+|x—y|s> fy)dy

< C{(ga z)—v(z)/p(z )(log(e + 1/5)) x)+6(z))/p(x)
4+ ge@)+(p(a)—1)u( (log(e + 1/5)) —(q(z)+8(=))/p(x “L}

with L = L. f(x). Moreover, Lemma 2.8 yields
L,(8) < C§2@=@/P@) (Jog(e 4 1/5))~1@+8@)/p(x)
so that
L (@) < CLE@—0M) log(e + 1/5))~aer+5n/n)
+ 6@+ P@)-Dr@)/p() (1og(e + 1/5)) —(q(z)+B(= ))/p(x)+1L}_
Now, letting § = min{dg, L~/*@ (log(e + L))~ P@+D/¥@)1 e obtain
T f(2) < C{1+ L7 @ (log(e + L)) @@3w)/v@)-aw)/pw)+1/p" @)

In view of Lemma 3.5, we find

]i W e S (e + L S (@)

< C][ (1+L)dx <Cr~ v (log(e—i-l/r)) ),
B(z,r)

which completes the proof of Theorem 3.1. [

ExXAMPLE 3.6. Let

0 when t = 0,
w(t) =< 1/log(1/|t]) when 0 < |t]| < 19,
1/log(1/rg) when [t| > rg
and
0 when £ =0,
n(t) =< 1/loglog(1/]t|) when 0 < |t| < r,

1/loglog(1/r¢) when [t| > rg
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for 0 < 7y < 1/4. Consider

p(x) = p(r1,22) = 1+ aw(zs),

and
q(z) = q(x1,72) = g+ bn(za),
where a >0, ¢ > 0and b > 0. Let vy € R. If

Fy) = lyel =" (log(e + 1/[y2])) ™,

then note that
]i( | Fy)P (log(e + f(y)))*@dy < Cr~*(log(e + 1/r)) "

for all z € B = B(0,1) and r > 0, when § =~ —1—¢ > 0. Further, for 0 < a < 1,
we have

Iof(z) = Claa|* (log(e + 1/|22]))
for x € B(0,1). Take «y such that v < 0 + 1+ ¢ for 6 > 0. Then we see that

J[ Lo f(x)”" @) (log(e + Lo f(x))) 4/P1 0P 2148 gy
B(0,r)
B(0.r)

for all 0 < r < 1 and ¢ > 0. This implies that Theorem 3.1 is best possible as to
the exponents appearing in the Morrey condition.

4 Sobolev’s inequality in the case p_ > 1

In this section, we are concerned with the case p_ > 1. In this case, (1.1) holds for

K> —q/(p-—1)
We first show the boundedness of the Hardy-Littlewood maximal operator:

mmzwﬁwmm

where the supremum is taken over all balls B containing x.

THEOREM 4.1. Suppose p_ > 1 and v_ > 0 Then there exists a constant C' > 0
such that

M f(z)P@ (log(e + M f(x)))"@dx < Cr="®)(log(e + 1/r)) %)
B(z,r)

forallz € G, 0 <r <dg and f with || f||pevsc < 1.

REMARK 4.2. For the constant case, we refer the reader to [25].
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To prove Theorem 4.1, we prepare several lemmas. Let us begin with the
following result, which is a consequence of [20, Theorem 1].

LEMMA 4.3 ([20, Theorem 1]). Suppose po > 1 and v_ > 0. Let [ be a measurable
function on G satisfying

£ 1 dy < e oge +1/m) 0 (4.1)
B(z,r)
forallx € G and 0 < r < dg. Then there exists a constant C > 0 such that

M f(z)P dz < Cr~"@(log(e 4 1/r)) 7A@
B(z,r)

forall z € G and 0 < r < dg, where the constant C' is independent of f satisfying
(4.1).

LEMMA 4.4. Suppose v_ > 0. Let f be a nonnegative measurable function on G
satisfying || f|| pev.e(cy < 1 such that

fl@)y>1 or f(x)=0 foreachzeG. (4.2)
Then there exists a constant C' > 0 such that
M f (2" (log(e + Mf(2))"® < CMg(z)

for all x € G, where g(y) = f(y)*™ (log(e + f(y)))!¥). In the above, the constant
C s independent of f.

Proof. Let
H = Hyy :][ 9(y) dy.
B(z,r)

We shall show
F )y < CHP loge + 1)) o (4.3
B(z,r)

forall x € G and 0 < r < dg. Then
M f(z) < CMg(x)"*@ (log(e + Mg(x))) 1@/r@),

This implies the desired conclusion.
To show (4.3), first consider the case when H > 1. Set

k= H/r@) (log(e + H))fq(x)/p(z).

Then we have

]im) fy)dy < k+C ]{B . f(y) (% )p(y)—l (W )q<y> N

= k+C g(y)k PV (log(e + k)) " "Wdy.

B(x,r)
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Since
H < rv®) (log(e + 1/7,))75(30)

for all x € G and 0 < r < dg, we obtain for y € B(z,r), as in the proof of
Lemma 2.5,

E—PW) < Ckr@ — CH’l(log(e + H))q(x)

and
(log(e 4+ k)™ < C(log(e + k))™9@) < C'(log(e + H)) 1@,

Consequently (4.3) follows.
In the case H < 1, we find

H < CHY?@) (log(e + H))~1@)/p@)
Since f(y) > 1 or f(y) = 0 for each y € G, we have
9(y) = f(y) - F)"Y " (log(e + f()))*™ > Cf(y)

for some C > 0 and hence

][ fly)dy < CH.
B(z,r)

This shows (4.3). O
Proof of Theorem 4.1. We may assume that f > 0. Write

f - fX{y:f(y)zl} + fX{y:f(y)<1} = fl + f27

where y g denotes the characteristic function of E. Take pg such that 1 < py < p_.
Since

]{9( )fl(y)p(y)/po (log(e + f1(y)))q(y)/p°dy

< C][ Fily)"™ (log(e + fi(y)))*® dy < Cr=") (log(e + 1/r)) ")
B(z,r)

for all z € G and 0 < r < dg, applying Lemma 4.4 with p(z) and ¢(z) replaced by
p(z)/po and q(x)/po, respectively, we obtain
M fi(2)P D77 (log(e + M fi(x))) "/ < OMgi(2),

where g1(y) = f1(y)P@/P (log(e + fi(y)))?®/P. Note that g; satisfies (4.1). Since
M fy < 1, it follows that

M f ()" (log(e + M f(x)))"® < C(1 + Mgi(x)™).
Hence, by Lemma 4.3, we see that
M f ()P (log(e + M f(2)))!® dx < C’][ (14+ Mg (x))dz
B(z r)

< Cr7v (log(e + 1/7’)) (2)

B(z,r)

for all z € G and 0 < r < dg, as required. O
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Now we give a Morrey version of Sobolev’s inequality for Riesz potentials. Let
p* and U be as in (2.2) and (2.3), respectively.

THEOREM 4.5. Suppose that p_ > 1 and (2.1) holds. Then there exists a constant
C > 0 such that

][ U (2, | Lo f(2) o < Cr) (log(e + 1/r)) )
B(z,r)

forall z € G, 0 <r <dg and f satisfying || f||e.rs) < 1.

This theorem gives the following norm version, which is simpler than Corollaries
2.4 and 3.2 .

COROLLARY 4.6 (cf. [16, Theorem 4.3]). Suppose that p_ > 1 and (2.1) holds.
Then there exists a constant C > 0 such that

||]a(.)f||L\p,u,ﬁ(G) < C”f“Lq)’”’B(G)'

REMARK 4.7. If p(x) = p > 1, q(z) = ¢ € R, v(z) = n and fB(z) = 0,
then p* = np/(n — ap) and the operator I, is bounded from LP(log L)!(G) to
L (log L)P"%/?(@), which is shown by O’Neil [26, Theorem 4.7].

For further related results, we refer the reader to the papers [3, 16, 17].

REMARK 4.8. Theorem 4.5 is best possible as to the exponents appearing in the
Morrey condition.

Proof of Theorem 4.5. We may assume that f > 0, as before. By Lemma 2.8, we
find

L f(z) = / 2 — gD f(y)dy + / 2 — y"® " f(y)dy
B(x,6) G\B(z,6)

< C{&O‘(x)Mf( ) + yela)—v(z) /10(90)(10’5_,;(6 + 1/5)) (q(z)+B(x ))/p(x)}'

Considering
§ = min {dg, M f(x) @@ (log(e + M f(x)))~ @@+

we have

Ly f(z) < C{l + Mf(x)l—a(m)p(aﬂ)/z/(ac)(log(6 + Mf(x)))—a(m)(q(r)+ﬂ(r))/u(:v)}

- 0{1 + M (@)@ @ (log(e + M f(x)))—am)(q(a:)w(z))/u(z)}‘

Then we find
U(@, Lo f () < C{1+ M f(z)" (log(e + M f(x)))*®}
for all x € G. It follows from Theorem 4.1 that

][ U(z, o) f(x))dr < Cr—v (log(e + l/r))_ﬁ(z)
B(z,r)

for all z € G and 0 < r < dg, as required. ]
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5 Trudinger’s inequality

This section is concerned with Morrey version of Trudinger’s type exponential
integrability for Riesz potentials, in case

essinf(a(x) — v(z)/p(z)) > 0, (5.1)

zeR"

which is equivalent to

esssup(1/p(x) — a(z)/v(x)) <O0.

zeR™?

Set

’ dt
o) = co / (1o + 1))~/ L
1

for x € R™ and r > 2, where we choose ¢y such that inf,eg» I'(z,2) = 2. For
convenience, set I'(x,r) = (I'(x,2)/2)r when r < 2. Note that there exists a
constant C' > 0 such that

['(z,r?)

['(x,r

since —(q(z) + B(x))/p(x) is bounded. Let

Ccl< <C for re€R"andr > 2,

> dt
sy =supl'(z,7) = Co/ (log(1 + t))_(q(x)w(x))/p(‘”)?.
r>2 1

Then 2 < s, < oo and I'(z,-) is bijective from [0,00) to [0,s,). We denote by
['~!(z,-) the inverse function of I'(z,-). If s, < oo, we set I'"!(z,r) = oo for
r> S,

THEOREM 5.1. Suppose v_ > 0 and (5.1) holds. Let ¢ be a measurable function on
R" such that

ejgfi{%f (v(z)/p(z) —e(x)) >0 and 0 <e_ < e, < a_. (5.2)

Then there exist constants ¢y, co > 0 such that

][ -1 (x a@) f (fﬂ)l) die < ¢ r2) 1))
B(z,r)

C1

forall z € G, 0 < r < dg and [ satisfying ||f|lpews@ < 1. In the above
[ag@) f(z)]/c1 < s for a.e. v € B(z,1).

REMARK 5.2. Let a,p, q, v, 3,e be all constants and 0 < ¢ < a.
(1) If ¢+ B < p, then, for r > 2,
C7'T(r) < (log(e + r)) = @™A/P < OT(r)
and

IHC™'r) < exp(r?/P=9=8)y < T-1(Cr).
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(2) If ¢ + 6 = p, then, for r > 2,

C™'T'(r) < log(log(e + 1)) < CT(r)

and
I~Y(C™r) <expexp(r) < T Cr).

COROLLARY 5.3. Under the assumptions in Theorem 5.1, there exist constants
c1, o > 0 such that

(1) in case esssup,cgn (¢(z) + B(x))/p(z) < 1,

p(@)/ () =a(2)~)
][ exp (|Iaf ()] > di < eyp<GvIpe).
B(z,r) €1

(2) in case essinf ern (¢(x) + B(z))/p(z) > 1,

1o
][ exp (exp (M)> dz < cyr®—v/p2)
B(z,r) Cq

forall z € G, 0 <r <dg and f satisfying || f||Levec) < 1.

REMARK 5.4. When p, q, 3, a, v are all constants such that p =1, ¢ =0, § < 1
and o = v, this is due to Corollaries 4.6 and 4.8 in [12]. In particular, the case
p=1,qgq=0=0,a=v =1 and r = dg coincides with the result by Trudinger
[30]. A weaker result is shown by Mizuta and Shimomura [15, Theorem 4.4].

To prove the theorem, we use the following lemmas. The first lemma can be
proved with minor changes of the proof of Lemma 2.8.

LEMMA 5.5. Suppose that v— > 0 and (5.1) holds. Then there exists a constant
C > 0 such that

/ & — y[*@ " f(y) dy < CT(z,1/6)
G\ B(z,9)

forallz € G,0 <6 <dg and f > 0 satisfying || f||Levsc < 1.

LEMMA 5.6. Let € be a measurable function on G satisfying (5.2). Setting p(z,1) =
7’5(2) (log(e —+ 1/T))(Q(Z)+ﬁ(z))/p(z)7 deﬁne

Ly f(x) = /G %ﬂy) dy.

Then there exists a constant C' > 0 such that
][ Ly f(2)da < Cre)—()/p)
B(z,r)
forall z € G, 0 <r <dg and f > 0 satisfying || f||pevsc) <1
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Proof. Write

z, |z

_ Pl —yl) o Pl —yl) oy
Ip(z)f(x) /B(Z,ZT) |$ - y|” f(y) vt /G\B(z,2r) |$ - yl” f(y) Y

By Fubini’s theorem and Lemma 2.6, we have

= Pl =y, > p
/B(z,r) h (x> e /B(z,2r) </B(z,r) ’Qj — y’n x f(y) Y
/ ( / de) F)dy
Bz2r) \JBwa3) |T—y[
7 p(z,1) )
noy, /3(272T) (/0 : dt f( )dy

Cpl(z.3r) /B y )f(y)dy

Cp(z,3r)(2r)" /PR (log(e + 1/(2r))) " @E+BE)/P()
Cyntez)—v(2)/p(z)

I IN

IN

IN A

For I, note that
L(z) <C wf(y) dy for =€ B(z,r),
G\B(z,2r) |z =yl

since there exists a constant C' > 0 such that

cl< plar) <C for zed,
p(z,5)

Hence we have by Lemmas 2.6 and 2.7

<2

<

N —
w | =3

26 p(z,t Jdt
L(xr) < C/ %t" v@)/PE) (log(e + 1/t)) "R +AE) /P —
2r
2d,
< o[ pe-v@medt
- 2r 13

< OrE@-v@)/p)

Thus this lemma is proved.

Proof of Theorem 5.1. We have only to treat nonnegative f with || f||e.v.sq) < 1.

By Lemma 5.5 we find

L f(z) = / L )y / 2 — gD f () dy
B(x,

G\B(z,5)

|z —y|"

= / & — 5@ (log(e + 1]z — y|))-@E+sEp 2E T8,
(2,0)

+OT(z, 1/5)
< O8O log(e + 1/8)) WO ) Fla) +T(x,1/5))
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for o > 0. Considering

1/(a(x)—e(z
5 i F(x,lp(z)f(x))(log(e + ]p(z)f(x)))(q(z)Jrﬁ(z))/p(z) /(a(z)—e(2))
= min < dg, 7 ,

we have the inequality
L@ f(#) < cimax {1,T(x, Iy, f(2))}

for some constant ¢; > 0. Since 1 < T'(z,1) =T'(z,2)/2, I"!(x,1) < 1. Then

Lo
][ r-! (x, M) dx S][ {1 + Ip(z)f<l‘)} dx
B(z,r) €1 B(z,r)

for all z € G and 0 < r < dg. Hence Lemma 5.6 gives the conclusion. ]

6 Continuity

In this section we are concerned with continuity for Riesz potentials when (5.1)
and the following condition hold:

" dt
_ [ je@-v@ ) L/ -a@+sa@)/m
M) = [ (log(c +1/1)) - < oo
In this case H(z,r) — 0 as r — 0 and H(z,r) < H(z,2r) < CH(x,r) for some
constant C' > 0 independent of z € R™ and 0 < r < oc.

THEOREM 6.1. Let 0 < 6 < 1 and v(z) = a(x) — v(z)/p(x). Suppose that o €
Lipy(G), v— > 0 and 0 < v < v, < 0. If f is a measurable function on G
satisfying || f|lpevsy < 1, then Inw) f is continuous on G. Moreover, there exists
a constant C' > 0 such that

o) f(2) = Lo [(2)] < C{H(z, |z = 2|) + H(z, |& — 2[)}

for all v,z € G, where the constant C' is independent of f satisfying || f||Le.vsc) <
1. That is, the operator Lo is bounded from L*"P(G) to Ay(G).

COROLLARY 6.2. Let 0 < 0 <1 and y(z) = a(x) — n/p(x). Suppose a € Lip,(G)
and 0 < v~ < vy < 0. Then the operator I,y is bounded from LPO)(G) to

REMARK 6.3. The case when «, p are constants and n = 1 is the result of Hardy-
Littlewood [6, Theorem 12].

COROLLARY 6.4. Let a,v and (3 be constants. Suppose

O0<a-v/p-<a-v/p, <1, B>esssup(p(z)— q(x)).
zeR™
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Then there exists a constant C' > 0 such that

L f () = L (2)]
< C’{|x — z\o""/”( )(log(e +1/|x — z\)) z)+8)/p(x)+1
\x—zf”””wg@+¢ﬂx—d»<q*ﬂ”@“}
for all z,z € G and for all f satisfying || f||Levec < 1.

REMARK 6.5. If p(z) = 1 and ¢g(z) = 0, the corollary above is a special case of [21
Theorem 3.3]. If p(z) = 1, ¢(z) = 0, « = v and § > 1, the corollary above is [11,
Theorem 1.1 (3)], where o, v and [ are constants. See also [21, 29].

To prove the theorems, we need the following lemmas.

LEMMA 6.6. Let 0 < 6 < 1. Suppose o € Lipy(G). Then there exists a constant
C > 0 such that

o =yl |2 = 7] < Ol — 2o = I 4 = 2l gl 0),
for all z,y,z € G satisfying |x —y| > 2|z — z|.

Proof. Let r = |x —y| and s = |z — y|. Then 1/2 <r/s <2 and

|7‘a(z)fn - sa(z)fn‘ < |7,a(:v)fn _ Sa(m)—n’ 4 ]30‘(’”)’" B So‘(z)’"|
= |7“ - SHCY(J?) - n’ foé(x)—n—l + |Oz($) _ Oz(Z)H 10g8| ga—m
< C(lz - Z|Ta(m)—n—1 +lz— z|08a(w)—n—6)s&_a(z))
< C(‘LE _ Z’Ta(m)*nfl + |$ . Z|9ra(x)fn79)’
where 7 = (1 — t)r + ts and & = (1 — u)a(z) + ua(z) for some 0 < ¢t,u < 1. O

The following two lemmas can be proved in the same manner as Lemma 2.8.
LEMMA 6.7. Suppose v_ > 0. Then there exists a constant C > 0 such that

dt

/ |x y|a (z)— nf( )dy < C/ taz —v(z)/p(z (10g(6+1/t)) z)+8(x))/p(x
B(z,r)\B(z,s) t

forallz € G, 0 <2s <r < oo and for all f >0 satisfying || f| pevsc) < 1.

LEMMA 6.8. Let 6 > 0. Suppose v_ > 0 and

esssup(a(z) — v(z)/p(x)) < 0

zeG

Then there exists a constant C' > 0 such that
/ |z — y|a(1)fn79f(y) dy < Cro@—v(@)/pi)=6 (log(e + 1/7,)) (@)+6(@)/p(@),
R™\B(z,r)
forallx € G, v >0 and for all f >0 satisfying || f||pevec) < 1.
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Proof of Theorem 6.1. We may assume that f > 0. Write

To@) f(x) = Lo f(2)
- / 2 — " f(y) dy — / 2 — " £ (y) dy
B(z,2|z—z])

B(z,2|z—z|)

T / (e — y*@= — |2 — g2 C=) f(y) dy
G\ B(z,2|z—z|)

for z, z € G. Using Lemma 6.7, we have

2|z—z|
/ 2 — SO () dy < O / 0(0) =V @)/000) (Jog (e + 1 /1))~ 5 /o) 9L
B(z,2|z—2z|) 0

t
S CH(‘Ta |£L‘ - Z|)a
and
/ o=y @y < [ eyt ) dy
B(z,2|x—z|) B(z,3|x—z|)
< CH(z, |z — 2]).

On the other hand, by Lemmas 6.6 and 6.8, we have
/ =y — |z — O ) dy
G\B(z,2|z—z|)

< 0{|x 4 2 — "0 () dy
G\B(z,2|z—z|)

e / O dy}
G\B(z,2|xz—z|)

< Clz — Z|a(w)fV(w)/p(w) (log(e 4+ 1/|z — Z|))f(q(w)+ﬁ(m))/p(x)

< CH(z, |z — z]).
Then we have the conclusion. O]
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