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Abstract

In this paper, we are concerned with exponential integrability for log-
arithmic potentials of functions in generalized Lebesgue spaces L(log L)q(')
over non-doubling measure spaces. Here ¢ satisfies the loglog-Hélder condi-
tion.

1 Introduction

The properties of the logarithmic potentials were studied by some authors (see
e.g. [7], [8], [9], [10] and [12]). Our aim in this paper is to establish exponential
integrability for logarithmic potentials of functions in generalized Lebesgue spaces
L(log L)) over non-doubling measure spaces, as an extension of [11, Theorem 8.1]
in the Euclidean setting.

We denote by (X,d, 1) a metric measure spaces, where X is a bounded set, d
is a metric on X and p is a nonnegative complete Borel regular outer measure on
X which is finite in every bounded set. For simplicity, we often write X instead of
(X,d, ). For x € X and r > 0, we denote by B(x,r) the open ball centered at x
with radius r and dx = sup{d(z,y) : z,y € X}. We assume that 0 < dx < oo,

p({r}) =0

for v € X and p(B(z,r)) > 0 for € X and r > 0 for simplicity. In the present
paper, we do not postulate on p the “so called” doubling condition. Recall that
a Radon measure p is said to be doubling if there exists a constant C' > 0 such
that u(B(x,2r)) < Cu(B(x,r)) for all x € supp(u)(= X) and r > 0. Otherwise
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is said to be non-doubling. Assume that there exist positive constants Ky and s
such that, for all balls B(z,r) with center x € X and of radius 0 < r < dy,

u(B(z,r)) < Kor® (1.1)

(see e.g. [1], [5] and [6]).

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to dis-
cuss nonlinear partial differential equations with non-standard growth conditions.
For a survey, see [3] and [4].

In this paper, following Cruz-Uribe and Fiorenza [2]|, we consider a variable
exponent ¢(-) : X — [0,1) such that

< Gy
~ log(e + log(e + 1/d(z,v)))

with a constant C; > 0.
Define the norm by

() — q(y)] forall z,y € X (1.2)

T T q(x)
1 g 30 = {A >0 [ |10 (og (e+ | 52))) ™ dute) < 1}

and denote by L(log L)?")(X) the space of all measurable functions f on X with

Hf“L(logL)q(»(X) < Q.
We define the logarithmic potential for a locally integrable function f on X by

Lf(z) = /X (log* (1/d(x,y))) £(y) duly).

where log® 7 = max{0,logr}. Here it is natural to assume that

/X (log(e + d(zo, 1)) |/ ()| dis(y) < o0 (1.3)

for some xg € X since this implies

/X log(1/d(x, ) f () diu(y)| < oo

for p-a.e. in X (see [7, Lemma 1] and [9, Theorem 6.1, Chapter 2]).

In [11], we studied exponential integrability for logarithmic potentials of func-
tions in L(log L)?)(RY) in the Euclidean setting. Our main aim in the present
paper is to establish exponential integrability for L f in generalized Lebesgue spaces

L(log L)?0)(X) over non-doubling measure spaces, as an extension of [11, Theorem
8.1].

THEOREM 1.1. There exist constants cy,co > 0 such that
[ e ((@L (@) /01) dute) < e
X
for all nonnegative measurable functions f on X with || f[|;qog £ya)(x) < 1.
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COROLLARY 1.2. There exists a constant cs3 > 0 such that

/X {exp ((esLf (2))/17 1) — 1} dp(z) < 1

for all nonnegative measurable functions f on X with || f[|qog £ya)(x) < 1.

Our strategy is to give an estimate of Lf by use of a logarithmic type potential

/X u(B(z, 4r)) " log(e + 1/r)) () log(e + F(1))® dy(y)

with g > 1, which plays a role of maximal functions.

The sharpness of the exponent will be discussed in Section 4.

In the final section, we show the continuity for logarithmic potentials of func-
tions in LP1)(log L)")(X) over non-doubling measure spaces, as an extension of [11,
Theorem 8.4] and [9, Theorem 9.1, Section 5.9] (see Section 5 for the definition of
LV (log L)) (X)). For related results, see [12].

2 Preliminary lemmas

Throughout this paper, let C' denote various positive constants independent of the
variables in question.
To prove Theorem 1.1, we estimate Lf by the logarithmic potential

J:/Xp_a(d(fcay))g(y) du(y),

where p_g(r) = u(B(z,4r)) (log(e + 1/r))~# with 8 > 1 and g(y) = f(y)(log(e +
F()))1).

LEMMA 2.1. Let f be a nonnegative measurable function on X with || f || 1 og £)e) (x) <
1. Then there is a constant C' > 0 such that

F= / o poold(x. )£ dy) < {(lonle-+ 1)) + (e +1/6) ")

forallz € X and 0 < 0 < dx.

Proof. Let f be a nonnegative measurable function on X with ||f||L(logL)‘1(')(X) <1
We have for £ > 0

oo(e q(y)
o s(d(e, ) f () (M) duly).

F< k/B( ) )p-ﬂ(d(w,y))du(yH/ log(e + k)

B(z,0)
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Since 8 > 1, we have

/B L pold ) duty

| (B, (e, ) Qo + 1/, 1)) du(y)
‘o3 JXN(B(2.2-i+1dx)\B(z 2 dx))

o0

IA

(B, 277 2dx)) ™ (log(e + 1/(277 1 dx ) ™ du(y)

ey /Xm(B(m,zj+1dX)\B(z,2jdX))

o)

< Z(log(e +1/(277 M dy))) 7

j=1

< C.

If J <671, then we set k = J(log(e + J))™9@). Since § < J~!, we see from (1.2)
that

(log(e + k))~%™ < C(log(e 4 J)) 1@
for y € B(x, ). Consequently it follows that
F < CJ(log(e + J))~ %@,
If J > 97!, then we set k = 5! (log(e + 1/6))~%®) and obtain

F < C{6"(log(e +1/8))™%® + J(log(e + 1/5)) 74}

<
< CJ(log(e + 1/8)) 79,
Now the result follows. O

LEMMA 2.2. Let f be a nonnegative measurable function on X with || f || 1 og £)e) (x) <
1. Then there is a constant C' > 0 such that

/ log*(1/d(z,)) f(y) du(y) < C(log(e + 1/5)) =9+
X\B(z,5)
forallz € X and 0 < § < dx.

Proof. Let f be a nonnegative measurable function on X with || f{| 1 (1og £yac)(x) < 1.
Let 0 < v < s, where s is a constant appearing in (1.1). For y € X \ B(x,¢) and
0 <d < dyx, set N(z,y) = d(x,y)~". Let jo be the smallest integer such that
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2906 > dx. We have by (1.1)

/ log*(1/d(z, y))N(z,y)du(y)
X\B(,9)

-3/ log* (1/d(z, )N (z.) du(y)

=1 N(B(x,278)\B(z,29-14))

IN

3 /X log* (1/(29716))(2718) " du(y)

21 Y XO(B(x,216)\B(z,2-18))

< O3 logt(1/(218) (2 6)

J=1

< C

since v < s. Hence, we see from (1.2) that

/ log™ (1/d(x, 1)) f (y) dp(y)
X\B(z,5)

IN

/X oy T (1 )N o) )

- . log(e + f(y)) ¥
[ ol ,y»f(y)( ))) du(y)

log(e + N(z,y

IN

C log(e d(z, —a)+1 d
{1+ / ool 1)) u(y)}
< ¢ {i togter /o) |

< C(log(e +1/5)) 9=+t
where g(y) = f(y)(log(e + f(y)))?®¥. Thus this lemma is proved. O

9(y) du(y)}

\B(z,9)

3 Proof of Theorem 1.1.

Let f be a nonnegative measurable function on X with || f|| ;g r)e0)(x) < 1. For
r € X and 0 < § < dx, write

L) = [ ot (/e ) S)dn) + [ om0y ) duy)

X\B(z,)
== Il + [2.

For § > 1, we infer from Lemma 2.1 and (1.1) that

L < C5(logle +1/6)+ /B Pl ) ) ()

< C6(log(e+1/6)) P T {(log(e + 1/6))"%®) 4 (log(e + J))fq(w)} _
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Hence, in view of Lemma 2.2, we find
Lf(z) < C|&6(log(e+1/6))'+FJ {(log(e +1/6))79®) 4 (log(e + J))~9@) }
+ (log(e +1/6)) 71+

Now, considering § = min{dx, J~"/*(log(e + J))~%/5}, we find
Lf(x) < C(log(e + J)) .

Hence
exp ((erLf(x))/071) < e 4.

By using Fubini’s theorem, we obtain

/X exp (et Lf (2))/0-9) dyu(a)
< /X(e—l—J)d,u(:L’)

(log(e + 1/d(z,y))) "
[oow ([ Srptsiigy ) o+
= (log(e + 1/d(z,y))) "
= /Xg(y) =1 /Xm(B(y 2-+1dx )\ B(y,2=7dx)) w(B(y, 2d(z,y)))
(log(e +1/(279%1dx))) "
< /Xg(y) Z/Xn B /- 7 ezar sy du(x)) du(y) + C
< /Xg(y) Z(log(eJrl/(?deX)))ﬁ) du(y) +C

C2,

IN

IN

since 5 > 1. This completes the proof of the theorem. [

4 Sharpness

Let X = B(0,1) C RN and ¢(-) = ¢q. For § > 0, consider the function
u(z) = log™ (1/|z —y[) f(y) dy
B(0,1)
with
Fy) = ly| ™ (log(e/ly))’*~*  for y € B(0,1).
Then f satisfies

/B T ose+ 1)y < o (4.1)
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if and only if 6 — 1+ ¢ < 0. We see that
u(z) > C / log™ (1/|y]) f(y) dy = C(log(e/|z]))’
{y€B(0,1/2):|y|>|z|}

for |x| < 1/2. Hence, if 56 > 1, then

/B(O ) exp (u(z)”) dz = oo. (4.2)

If 8> 1/(1—q), then we can choose J such that
1/p<d<1—q.

In this case, both (4.1) and (4.2) hold. This implies that the exponent 1/(1 — q)
in Theorem 1.1 is sharp.

5 Continuity

In this section, we consider variable exponents p(-) : X — [1,00) and () : X —
(—00, 00) such that
—oo < inf r(z) <supr(z) < oc. (5.1)

zeX zeX
r(z)
)) dp(z) <1

and denote by LP) (log L)"")(X) the space of all measurable functions f on X with
||f||Lp(‘)(logL)""(')(X) < Q.

Define the norm by

(=)

p(z)
f(@)
3 <log <e + ‘—

A

£ 1 Lo tog L)) (x) = inf {)\ >0: /
X

THEOREM 5.1 (cf. [9, Theorem 9.1, Section 5.9]). Let p(-) and r(-) be two variable
exponents on X satistying (5.1) such that

p(z) > 1 or r(x) > 1

forallz € X. If f is a nonnegative measurable function on X with || f| ,»¢) 1og ) (x) <
oo, then Lf is continuous on X.

Proof. Let f be a nonnegative measurable function on X with || f[| 15¢) (10 Lo (x) <
o0o. Then note that

/X £(y)(log(e + F(1))) duly) < oo.

Hence, it follows from [7, Theorem 1] that Lf is continuous on X by (1.3). O
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