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Abstract

Our aim in this paper is to deal with continuity properties for logarithmic
potentials of functions in Morrey spaces of variable exponent. Our exponent
approaches 1 on some part of the domain, and hence continuity properties
depend on the shape of that part and the speed of the exponent approaching
1.

1 Introduction

Let R" be the n-dimensional Euclidean space. Following Orlicz [7] and Kovécik-
Rékosnik [1], for a continuous function p(-) : R" — [1,00), which is called a
variable exponent, we consider the generalized Lebesgue space LP¢)(R™). In recent
years, the generalized Lebesgue spaces have attracted more and more attention, in
connection with the study of elasticity, fluid mechanics and differential equations
with p(-)-growth; see Ruzicka [9].

In the present paper we are concerned with generalized Morrey spaces of vari-
able exponent p(-). We use the notation B(x,r) to denote the open ball centered
at x with radius r. For 0 < v < n and a positive function ¢ : (0, 00) — (0, 00), we
define the LPO)#-norm of a locally integrable function f on R™ by

p(y)
dy <1;.

We denote by LPO)»#(R™) the space of all measurable functions f on R™ with
1 fllp)we < 0o. This space LPO##(R™) is referred to as a generalized Morrey

f()

zeR",r>0

N fllp(ywe = inf{)\>0: sup r”gp(r)/( )
B(xz,r
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space of variable exponent. In particular, LP()%1(R") is equal to the generalized
Lebesgue space LPO(R™).

In this paper, we consider a variable exponent p(-) satisfying the following
special condition. For a compact set K in R", we define

K(r)y={x e R": dg(x) < r},

where dx(x) denotes the distance of x from K. For a nonincreasing function
k(-) : (0,00] — (0,00), we consider a function w satisfying a generalized log-Holder
condition such that w(0) = 0,

~ logk(r)
wir) = log(1/7)

for 0 < r < rg and w(r) = w(rg) for r > ry, where the number ry is chosen so that
w(r) is nondecreasing on (0,79) (see Lemma 2.3 below). Now we define a variable
exponent p(-) by

p(x) = po + w(dk (x))

for pg > 1; set p(x) = pp on K.
For 0 < a < n, we say that the (n — «)-dimensional upper Minkowski content
of K is finite (see Mattila [2]) if there exists a constant C' > 0 such that

|K(r)] < Cr® for small r > 0,

where |E| denotes the Lebesgue measure of a set E. Note here that if K is a
singleton, then its O-dimensional upper Minkowski content is finite, and if K is a
spherical surface, then its (n — 1)-dimensional upper Minkowski content is finite.
Moreover, as examples of K, we may consider fractal type sets like Cantor sets or
Koch curves.

In view of [4, Lemma 2.4, we know that if v = 0,¢(-) = 1 and the (n — «)-
dimensional upper Minkowski content of K is finite, then for each bounded open

set G C R",
/G F@PR( () de < oo

for all f € LPO)(R™). Our first aim in this paper is to obtain the following theorem
which gives an extension of the above fact to the generalized Morrey space of
variable exponent. For this purpose we need several conditions on k and ¢, which
are stated in Section 2.

THEOREM A (cf. [4, Lemma 2.4]). Suppose 0 < v < a < n and the (n — «)-
dimensional upper Minkowski content of K is finite. Then for each bounded open
set G C R"™ there exists a constant C' > 0 such that

/ LF@IPR(f ()T Prdy < Crvp(r) ™
GNB(z,r)
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for allz € R", 7 >0 and f € LPOV?(R") with || f||pe)me < 1.

In Section 3, we consider the logarithmic potential of a locally integrable func-
tion f on R", which is defined by

Li) = | (los(1/ls = y) F)dy
Here it is natural to assume that

| (og(2 -+ o) Fwldy < o (1)

which is equivalent to the condition that —oo < Lf # oo (see [3, Section 2.6]). If
f is a locally integrable function on R™ satisfying (1.1) and

| 1rwltog(z + 7))y < o

then it is known that Lf is continuous on R™ (see [3, Theorem 9.1, Section 5.9]).
Our second aim is to show the following theorem which deals with the continuity of

logarithmic potentials of functions in Morrey spaces (see Section 3 for the definition
of 1 and ).

THEOREM B. Let f € L'*¥(R") satisfy (1.1).
(1) If0 <v <1 and p(1/2) < oo when v =0, then
[Lf(x) = Lf(2)] < Cla = 2["®(Jz - 2])

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the
L'-norm and L“*¥-norm of f.

(2) Ifv>1, then
[Lf(z) = Lf(2)] < Clo — 2|

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the
L'-norm and LY"*¥-norm of f.

In the final section, our aim is to show the following theorem which deals with
the continuity of logarithmic potentials of functions in Morrey spaces of variable
exponent by use of Theorems A and B (see Section 4 for the definition of ¢y).

THEOREM C. Assume that po = 1,0 < v < o < n and the (n — «)-dimensional
upper Minkowski content of K is finite. Let f € LPO)V%(R") satisfy (1.1).

(1) Ifo<wv<1and
dt

1/2
/0 o) k(D) < o0
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when v = 0, then
[Lf(x) = Lf(2)] < Cle = z["or(lz — 2])

whenever 0 < |x — z| < 1/2, where the constant C' may depend on the
L'-norm and LP")%-norm of f.

(2) Ifv>1, then
[Lf(z) = Lf(2)] < Cl — 2|

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the
L'-norm and LP")"%-norm of f.

2 Morrey spaces of variable exponent

Throughout this paper, let C' denote various positive constants independent of the
variables in question.

We say that a positive function ¢ on (0, 00) is quasi-increasing if there exists a
constant C' > 1 such that

o(s) < Cp(t) whenever 0 < s < t.

A positive function ¢ on (0, 00) is called quasi-decreasing if ¢ (¢) ! is quasi-increasing.
From now on we consider a positive function ¢ on (0, c0) for which there exists
a constant C; > 1 such that

(pl)  Crlo(r) < (t) < Cip(r) whenever 0 <r <t <2r?or0<r?<t<2r,
which implies the doubling condition:
(©2)  Cylo(r) < o(t) < Cyp(r)  whenever 0 <r <t < 2r

for some constant Cy > 1. Our typical example of ¢ is of the form

p(r) = a(log(1/r)) (log ) (1/r))*

for r > 0, where @ > 0 and b,c € R and logt = e, log;yt = log(e +t) and
10g 11yt = log(e + log,, t) for m =1,2,.. ..

LEMMA 2.1 ([3, Lemma 3.1, Section 5.3]). If v > 0, then t"p(t) is quasi-increasing
on (0, 00).



LEMMA 2.2 (cf. [4, Lemma 2.3]). For 0 < ao < n suppose the (n — «)-dimensional
upper Minkowski content of K is finite. If 1) (t) is a positive quasi-increasing mea-
surable function on (0, 00) satisfying the doubling condition, then for each bounded
open set G C R" there exists a constant C' > 0 such that

. min{r,p} N . dt
Y0k (y)) " dy < C tY(8)"
(GNK (p)nB(z,r))\K 0

for all x € R™,r > 0 and p > 0.

Proof. Since G is bounded, we have
|GNK(r) <Cr®

for all » > 0. First consider the case K N B(x,2r) # (). For each integer j, set
K;={ye GNnB(z,r): 277 "min{r, p} <dk(y) <277 min{r,p}}. Then we have
by the doubling condition on

W)y = Y [l dy

j==2

/<GmK<p>nB<m,r>>\K

< ¢ 9@ min{r, p}) 7' |G N K (27 min{r, p})|

j=—2

< C Z (277 min{r, p}) (277 min{r, p})

min{r,p} dt
C / t%h ()t —
0 t

IN

for all » > 0 and p > 0.
Next consider the case K N B(x,2r) = (). Then note that r < dx(y) < p if
y € GNK(p)N B(x,r). It follows from the doubling condition on ¢ that

/ wEy) My < Cot) [y
(GNK (p)nB(z,r))\K GNB(z,r)

o ifr <1,
< vl {|G| ifr>1

min{r,p} dt
< Crop(r)™' < C’/ t* (1)
0

—1%v
t

for all » > 0 and p > 0. Thus the required assertion is now proved. O

Consider a positive continuous nonincreasing function k& on (0, 00) for which
there exist eg > 0 and 0 < ry < 1 such that
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(k) (log(1/r))~%0k(r) is nondecreasing on (0,7¢) and k(rg) > €°;
(k) k(r) > 1 for all r > 0.
By (k) and (k’), we find (see [4]) that
Ck(r) < k(r*) < Ck(r) whenever r > 0, (2.1)

which implies the doubling condition on k for » > 0. Our typical example of k is
of the form

k(r) = a(logy(1/r))"(log (1/7))°

for r € (0,79), where a > 0,b > 0 and ¢ € R are numbers for which ry can be
chosen so that k(r) is nonincreasing on (0,79) and satisfies (k).

In view of (k), we have the following lemma.
LEMMA 2.3 ([4, Lemma 2.1]). There exists 0 < r* < rq such that w(r) = log k(r)/log(1/r)
is nondecreasing on (0,77%).

In view of this lemma, we retake the above ry > 0 so that log k(r)/log(1/r) is
nondecreasing on (0, 79).
In what follows, we set

w(r) = w(ro) for r >
and consider a positive continuous function p(-) such that p(z) = py on K and
p(z) = po + w0k (x))

for 0k (x) > 0, where py > 1.
For 0 < v < n and a locally integrable function f on R”, we define its LP()»¢-

norm by
p(y)
dy < 1} .

We denote by LP()»#(R™) the space of all locally integrable functions f on R™ with
| fllp),e < 00. Hereafter it is natural to assume further that ¢ is measurable,

f(y)

A

| fllpe)e = inf {/\ >0: sup 7 “p(r) /( )
B(x,r

zeR™,r>0

(p3) ©(r) is quasi-decreasing on (0, 00) when v = 0 and
(p4) limsup,_,p(r) < oo when v = n.

It is worth to note the following results.



LEMMA 2.4. Suppose v > 0. Then

| e < ey
0

for all » > 0.

Proof. Taking 0 < v/ < v, we see by Lemma 2.1 that

/ t”gp(t)_l% < CT”_”lap(r)_l/ t”,% < C’r”go(r)_l
0

0

for all » > 0, as required. O

LEMMA 2.5. Let 0 < v <n. If G is a bounded open set in R", then there exists a
constant C' > 0 such that

/ dy < Cr¥p(r)™!
GNB(z,r)

for all x € R™ and r > 0.

Proof. Since r"~Vp(r) is quasi-increasing on (0, 1) by Lemma 2.1 and (¢4), we see
that

/ dy < Cr" < Crp(r)~!
GNB(z,r)

when 0 < r < 1. If » > 1, then
| ay<icl< oy
GNB(z,r)
since rp(r)~! is quasi-increasing on (0, 00) by Lemma 2.1 and (¢3). O

Now we prove Theorem A.

Proof of Theorem A. Let f € LPO)¢(R™) with I fllpyme < 1.
First consider the case v = «. In this case, by Lemma 2.5, we have

[ e [ s [ Py < crpn
GNB(z,r) GNB(z,r) GNB(z,r)

for x € R" and r > 0.
Next consider the case 0 < v < a. Setting G' = {y € G : |f(y)| < e}, we note
that

/ LF)k(1f ()7 ody < C/ dy < CrVp(r)™!
G'NB(z,r)

GNB(z,r)

7



by Lemma 2.5. Consider
N(t) — ¢ (a= ”)/po(log(l/t)) eo(a—v)/p3— 2/p090(t)71/po

and
G" ={y € (K(ro) N B(z,r)) \ K : [f(y)l < N(6(y))},
where we set §(y) = dx(y) for simplicity; here recall that ¢ is the constant in (k).

Since tPok(t~1)(@=¥)/P0 is nondecreasing on (0, 00), using condition (k), we have for
ye G,

PR ()| S

N(3(y))" k(N (9
N(6(y )) "k(4(y)
(log(1

5( )~ (log

VAN VANV
Q

(y
) v)/po
/3(y))) " e(d(y))

Hence it follows from Lemma 2.2 that

[ Gy

IN

C [ Sy) " (log(1/6(y))) *e(S(y)) 'dy

T

min{r,ro} dt
<o etog/) el

0

Orip(r) / " og(1/6) 2%
< Crvp(r)™

IA

since t¥¢o( is quasi-increasing on (0, o).

)1
If y € (K(ro) N B(z,r))\ (G'UG"UK), then
|f(y)] > N(0(y)),

so that, by Lemma 2.1 and (¢1), we have

)1/ g | ()=
< ON(B(y)) ™/ (log(1/3(y))) /2~ %(6@)) ey
< Ci(y).

Set M(t) = t=Po/(@=v)(logt)=co/po=2/(a=v)p(3=1)=1/(@=¥) for simplicity. Then, in
view of Lemma 2.3, we see that

logk(6(y)) _ log kK(CM([f(y)]))
log(1/4(y)) — log(1/(CM(|f(y)I)))

Noting that
KCM(If()D) = Cr(If ()7
by (2.1) and

log(1/(CM([f(y)))) < (po/(a = w))log(|f(y)]) + e(|f(W)])
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with e(r) < C(log(logr) + max{0,log p(r~1)}), we establish

log k(5(4)) log(CR(I£ ()| 1))
og(1/3(y) e WD 2 T D + 207D

oa—v Sy
o log k(| f(y)|~) = C

log(|f(y)])

>

since | f(y)| > e and (log k(r=))e(r)/(log r +&(r)) is bounded for r > e. Hence we
have

FPO = exp (e

Tog(1/5(y)) log |f(y)’>
> exp (‘1 Y Jog k(| () ) — C)

Do
= CR(If () ).

Thus it follows that

/ FOP Ry <C [ )P dy < Crrptr)
(K (ro)NB(z,m))\(G'UG") B(z,r)

since |K| =0 for a > 0.
Finally, since p(y) = po + w(ro) > po when §(y) > ro, we find by Lemma 2.5

/ F@)PR(F )] ) mdy
(GNB(z,r))\K (ro)

<C [f)IP dy + C dy < CrVp(r) ™",
B(z,r) GNB(z,r)

The required assertion is now proved. O
REMARK 2.6. We set Wy (t) = tPok(t~1)@)/P for + > 0, which satisfies the dou-

bling condition by (2.1). For 0 < v < n and a locally integrable function f on R",
we define its quasi-norm by

| flwyvp = inf {)\ >0: sup T‘”gp(r)/ U, (‘@D dy < 1}
zeR"™,r>0 B(z,r) >\

(see [5]). We denote by LY**#(R™) the space of all locally integrable functions f
on R” with || f|lw, ., < 00. Then it follows from Theorem A that for each bounded
open set G,

1 fllope < Cllfllpeywe  whenever f & LPO™(G),
where LPUY9(G) = {f € LPO#(R") : f = 0 outside G}.

9



REMARK 2.7. Set K = {0}. Let

k(t) = (log(, (1/t))”
for a > 0 and an integer m > 0 and

o(t) = (logy(1/1))"
for an integer £ > 1 and b > 0. Then

alog(log(m)(l/’$|))
log(1/lx])

for z € B(0,70) \ {0}. Then we can find f € LPO)»#(R") satisfying

p(x) =po +

/B o T Q0s) )y = Cr* g 1)

for all 0 < r < r9. This shows that the conclusion of Theorem A is sharp when
K = {0} and k, ¢ are as above.
For this purpose, in case 0 < v < n, we consider the function

F(y) =yl (log e (1/y1) ™7 (log gy (1/]y1)) %0

for y € B(0,79); set f(y) = 0 when |y| > r9. Then, as in the proof of Theorem A,
we note that

: 108108,y (1/4])
PY)—po  _— oy (m) o
o (P g 1))

exp ((”p—‘) loglogm (1/]])) + c)
< Clloggn (1/Jy])" =,

IA

We see by Lemma 2.4 that

/ fWPW dy < C / 1y~ (log gy (1/ 1) dy
B(z,r) B(0,r0)NB(x,r)

IN

c/ o (119D
¢ [ etogo /)G
< Cr¥(logy(1/r)) ™"

for all z € R"™ and r > 0, which implies that f € LPO)*%(R"). Further, we have
i

IN

/ £ (l0g ) ()" Dmdy = C© / 1 (log ) (1/1))
B(0,r) 0
> Or*(logg(1/r)
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for all 0 < r < 1.
In case v = 0, since

-1
_ " L dt _
€ (o (1/r) ™ < [ (o (1/) ) T] o (1)) F < Clogp (/1))
7=1
for 0 < r < rg, we have only to replace f by
-1
Fly) =yl (log gy (1/1y 1)~/ (log,y (1/]y1) /78 T [ (o) (1/1y1) ~ /7
j=1

for y € B(0,79). Here we used the convention H?:l a; = 1.

We show another imbedding from LP¢)*#(R™) to the Morrey space LPo" (@),
where @ (r) = ¢(r)k(r)@ /P and G is a bounded open set in R".

THEOREM 2.8. Suppose 0 < v < a < n,0 <k < (o —v)/py and the (n — a)-
dimensional upper Minkowski content of K is finite. For each bounded open set
G C R" there exists a constant C' > 0 such that

/ LF@)PR( f(y)| )P dy < Crvp(r) = k(r) ™"
GNB(z,r)
for allz € R", 7 >0 and f € LPOY?(R") with || f||pe)me < 1.

Proof. Since the case v = « follows readily from Theorem A, we consider the case
0 < v < a. Take 0 > 0 such that a — pgo > v. Then, since k is nonincreasing, we
have

[ ks ey
GNB(z,r)

/ [FW)k(|f ()| )=y
{yeGNB(@r):|f(y)|<r—o}

T / P PR(f ()Y@
{yeGNB(z,r):|f(y)|>r—°}

<7” Upok( )01 v)/po— H/ dy
GNB(z,r)

k() /G o PRIy

By Lemma 2.5 with 7p(r)~! replaced by r**oPop(r)~tk(r)~(@=*)/Po Theorem A
and (2.1), we have

[ LGPty < Ol )

for all x € R™ and r > 0, as required. ]
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REMARK 2.9. Let 0 < v < a < n. Set ®(t) = o(t)k(t)@ /0 for t > 0. Then
Theorem 2.8 implies that

1 oot < Clf sy Whenever f € LFO79(G)

for each bounded open set G C R".
Here we recall that

1/po
s, = g (mem [ iar)
B(x,r

zeR"™ r>0

3 Continuity of logarithmic potentials of func-
tions in Morrey spaces

For the function ¢ as above, we consider a function ¢; on (0,1/2] and a nonin-
creasing function 9 on (0, 1/2] such that

o1(r) = /OTW)_@ and  gor) = / (01

t t
We set
p1(r)  ifv =0,
O(r)y=<¢ o)™ fo<v<l,
wo(r) ifv=1

for 0 < r < 1/2. In view of (¢2), note that
p1(r) > Cop(r) ™! and ga(r) = Cp(r) ™
for 0 <r <1/2.

REMARK 3.1. Let o(t) = (log(;(1/t))? for # € R. Then

p1(r) < Cllogy(1/r))~ "+ if g >1

and
(log(yy (1/r)) =P+ if B <1,
pa(r) < CQ log(1/r) if =1,
1 if 6>1

for 0 <r <1/2.

Our aim in this section is to give a proof of Theorem B, which deals with
the continuity of logarithmic potentials of functions in Morrey spaces of constant
exponent. For the proof we prepare the following two lemmas.
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LEMMA 3.2. Let 0 < v <n. If f € LY"%(R"), then there exists a constant C' > 0
such that

§'B(5) if0<v <,
.., Gosto/lr =) 7wy < cof 50 sy

for all x € R™ and 0 < ¢ < 1/2, where the constant C' may depend on the
LY¥-norm of f.

Proof. Let f € LY%(R"™). By Lemma 2.4, we have

0
[, doutiie— sty = [ oo ([ roiasn))a

< [ 5 ( / y If(y)|dy> &

dt

6
< of reont
0 t

§'®(5) f0<wy <,
< C{(S ifv>1

for all z € R" and 0 < § < 1/2, as required. O
LEMMA 3.3. Let 0 < v <n. If f € L'"*(R") satisfies (1.1), then

. SlB(5) if0<v<1
_ ]. < _ —_ b
Lo il < e { | o<

for allz € R™ and 0 < § < 1/2, where the constant C may depend on the L'-norm
and L'*?-norm of f.

Proof. Let f € L'*#(R") satisfy (1.1). For x € R" and 0 < § < 1/2, we find

Ty = [ dS(y) ) d
Lo e = [T ([ i) a
- dt
[ i) S
1 J -y
o [ o0 %+ [ s [T

b adt
¢ [ eS| iy

c Tl (6) ifo<v <1,
1 ifrvr>1

IN

IN

IN

IN

since f € LY(R") by (1.1). O
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Now we are ready to prove Theorem B.

Proof of Theorem B. Let f € L**#(R") satisfy (1.1). By Lemma 3.2 and (¢2), we
have

/B< oy Mo Q k= yl) —log(1/]z = DI I (w)ldy
< log(3|z — z|/|x — d
< [ ol = l/ls = ) S

log(3|x — 2|/|z — d
o[ B =l = D) )y

o ol l—ale(e—2l) H0<v<, (3.1)
< |z — 2| ifv>1

for |z — z| < 1/6.

On the other hand, we see from the mean value theorem for analysis, Lemma
3.3 and (¢2) that

/ log(1/|z —y|) —log(1/]z — y[)| [/ (y)ldy
R™\B(z,2|z—z|)

IA

Clz — 2| |z =y (y)ldy
R"\B(z,2|z—2z|)

— o - ifo<v<
< C |z — 2|V P(|z — 2|) ?f()_ v <1, (3.2)
|z — 2| ifvr>1
for |z — z| < 1/6.
Hence it follows from (3.1) and (3.2) that
_ v — z]"®(|z — 2|) if0<v <1,
L@ - Lrai<c{ 127 o=

for |x — z| < 1/6, which proves the theorem. O

For py > 1, we set v,, = v/py + n/p, and

@(r)~ /o if v, <1,
[0)) =
po(7) { f: Q(t) Ve iy, =1

for 0 <r <1/2.

COROLLARY 3.4. Suppose py > 1. Let f € LPo"#?(R"™) satisty (1.1).
(1) Ifv,, <1, then
[Lf(x) = Lf(2)] < Cla = 270 @y, (|2 - z)

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the
L'-norm and LP**¥-norm of f.
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(2) Ifv, >1, then
[Lf(z) = Lf(2)] < Cla — 2|

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the
L'-norm and LP**¥-norm of f.

Proof. Let f € LPo"%(R™) satisfy (1.1). Then Jensen’s theorem gives

e Y, /
d pod <C (n—v)/po —1/po
|/ 'y—<|Bw|/” )l y) )

for all z € R™ and r > 0, so that f € L*¢""" (R"). Hence, applying Theorem B
with v and ¢(r) replaced by v, and ¢(r)/P0, we obtain the required assertion. [

REMARK 3.5. In the case v = 0, we need the condition ¢;(1/2) < oo for the
continuity of Lf.
For this, consider the functions

p(t) = (log) (1/1))"

and
Fly) = |yl (log(1/[y])) *xB0,1/2) (1),

where y g denotes the characteristic function of a measurable set £ C R"™. If a < 1,
then we see that ¢1(1/2) = oo

(1) L40) = [ (og(1/1y1) (5)dy = oc: and
(2) / fly)dy < C’(log(l)(l/r))_1 < Co(r) ! for all z € R™ and r > 0.
B(z,r)
This implies that f € L1%¢(R"), but Lf is not continuous at the origin.

REMARK 3.6. We show that Theorem B is sharp. In fact, if 0 < v < 1, then, letting
@(t) = (log(,,(1/t))* for an integer m > 0 and a € R, we can find f € L% (R")
satisfying

ILf(0) = Lf(z)] = ClzV [ @(|a))

for some sequence {7} which tends to the origin.
To show this, we consider the sequence () = (0,0,...,—1/i) and the function

F@) =y " e(ly)) " xr+ (),
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where I'" = {y = (¢, yn) € B(0,1/2) : |¢/| < y»/2}. Then, by Lemma 2.4, we have

| tway=c [ een 1 < ooy
B(z,r)

0

for all z € R™ and r > 0, so that f € L»*%(R™). Further, we have
ILf(0) = Lf(=")
= [ Qo(1/1ul) = tos(1/12" ~ o) £(w)dy
r

> [ (g1l a2/ ) Sy
I+NB(0,}z()]/2)
e[ log1/lsl) ~ log(/ e ~ ) Flu)dy
PH\B(0,0]/2)
> C f(y)dy + Cla| T fw)dy

I +NB(0,|z(V]/3) T+H\B(0,|z(|/2)
$<)I/3 1/2 gt
- of A2 ooy [ gt
t 2] /2 t

> COlzD (|2 7]).
If v = 0, then, letting

m—1
o(t) = (log, (1/t) “Hlog (1/t)
7j=1

for a > 1 and an integer m > 1, we have only to consider the function

F(y) = ly[7"(og(1/Iy1)) " elyl) " xr+ (y).

Then we can show as above that f € L2¢(R") and

LEO) = LSO > O f - (og( /D) )y

> C10g (1/|z7])
for ) = (0,0,...,—1/4).

4 Continuity of logarithmic potentials of func-
tions in Morrey spaces of variable exponent

We set
fo o(t) k(¢ 0‘% ifv=20,
op(r) =< @(r)” k()(a”) ifo<v<l,
f: p(t) k()N i =1
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for 0 <r <1/2.
Our final goal is to give a proof of Theorem C, which deals with the continuity
of logarithmic potentials of functions in Morrey spaces of variable exponent.

Proof of Theorem C. Let f € LPO)"#(R™) satisfy (1.1). We set

[ = fxr@o) + xR \K@o) = 1+ fo

Since K(rg) is a bounded open set, we have by Theorem 2.8 with k = o — v
[, 19l < Cratr) )
B(x,r

for all z € R™ and r > 0. Applying Theorem B with ¢(r) replaced by ¢(r)k(r)*~,
we have

B |z —2z|"pr(Jz —2]) if0<wv<1,
|Lf1(x) — Lfi(z)| SC{ iz — 2] ifv>1

for 0 < |z — z| < 1/2. On the other hand, since p(y) = p; = 1 + w(rg) for
y € R"\ K(ro), we have

/ o)y < Crp(r)™!
B(z,r)

for all x € R™ and r > 0. Then, by Corollary 3.4, we have

|$_Z|Vplq)p1(|x_z|) if Vp, SL

|z — z| if v, > 1

L) - L) < ¢
for 0 < |z — 2| < 1/2. Hence, we obtain that

lx — z|"pr(jJz — 2]) f0<v <1,
L) -l <o 177 o=

for 0 < |z — 2| < 1/2 since v, > v and "1 77 ®, (r)px(r)~" is quasi-increasing on
(0,1/2) for v, < 1. O

For py > 1, we set

—1/po —(a—v)/pj if 1
@kpo(r) = SOET) _1k’(7") - —10 2 dt l Yo <
| [l o) 1m k() gy, = 1

for 0 <r < 1/2.

Using Corollary 3.4 instead of Theorem B, we can similarly show the following
corollary.
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COROLLARY 4.1. Suppose pg > 1. Assume that 0 < v < a < n and the (n — «)-
dimensional upper Minkowski content of K is finite. Let f € LPO)»#(R") satisfy
(1.1).

(1) Ifv,, <1, then
[Lf(x) = Lf(2)] < Cla = 2" grpo (|2 — 2[)

whenever 0 < |x — z| < 1/2, where the constant C' may depend on the
L'-norm and LP")"%-norm of f.

(2) Ifvy, > 1, then
[Lf(z) = Lf(2)] < Clo — 2|

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the
L*-norm and LP")*¥-norm of f.

From now on we consider

k(r) = eb(IOgu)(l/"’))a

and

p(r) = (logy(1/r))”
fora>0,b>0,06€ Randr >0, where 3 > 0 when v =0 and # < 0 when v = n.
Then, letting A = a(n — v) + 3, we see that

pr(r) < C¥(r),

where
(logy (1/r)) 41 if v =0
(log(l)(l/r))*A if0<v<l,
U(r)=1q (loguy(1/r))™**" if v =1and A <1,
log o) (1/7) ifr=1and A=1,
1 ifr=1and A>1

for 0 <r <1/2.
By Theorem C with K = {z¢} and Remark 3.1, we have the following result.

COROLLARY 4.2. Let w,;(0) =0,
alog(logy(1/7)) b
log(1/7) log(1/7)

for 0 < r < ry and wap(r) = wep(ro) for v > 1o, where the number ry is chosen so
that w, (1) is nondecreasing on (0,7) and satisfies (k). Set

Wap(r) =

p(x) =1+ wep(|zo — ).
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Let f € LPO»#(R™) satisfy (1.1). If0 < v <1 and A > 1 when v = 0, then
|Lf(z) = Lf(2)] < Cle = 2"¥(|z - 2])
whenever 0 < |x — z| < 1/2, where the constant C' may depend on the L'-norm
and LPO)V¥_norm of f.
We have three remarks for Corollary 4.2.

REMARK 4.3. When v = § = 0, we showed that

/G )] (log(1 + | £()) ™ dy < oo

for all f € LP0)(R™) (see Theorem A). It follows from [3, Theorem 9.1, Section 5.9]
that Lf is continuous on R™ even when v = 0 and A = an = 1, in case ¢(r) =1
for which ¢ (r) = co.

REMARK 4.4. In case v = 0 and an < 1, we need the condition A > 1 for the
continuity of Lf.
For this, set g = 0 and consider the function

f(y) = Iyl " (og(1/Iy])) X B0.1/2) (V)

Note that A = an + 3. Thus, if A < 1, then as in Remark 2.7, we see that

(1) £40) = [ (Qog(1/191)(5)dy = oc: and

(2) /B( )f(y)p(y)dy <C lyl =" (log(1/]y]))™ 2dy < C(log(1 /)t <

B(z,r)NB(0,1/2)
C(log(l)(l/r))’ﬁ forallz € R and 0 <7 < 1/2.

This implies that f € LPO-%?(R™), but Lf is not continuous at the origin.

REMARK 4.5. Corollary 4.2 is seen to be sharp in the following sense: in case
ro=0and 0 < v <1, we can find f € LPO»¥(R") satisfying

[LF(0) = Lf(zD)] > ClaVw (™))

for some sequence {2} which tends to the origin.
For this purpose, we consider the sequence 2 = (0,0, ..., —1/i) and the func-
tion
Fly) = 1yl (Qog(1/|y))) " xr+ (y),
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where I' is as in Remark 3.6. Then, as in Remark 2.7, we have
p(w) " 84t _ v 5
floydy < C [ e (log(1/0) 5 < Cr(log(1/r)
B(z,r) 0

for all z € R™ and 0 < r < 1/2, which implies that f € LPO)»¢(R™). Further, we
can show the required property as in Remark 3.6.
Similarly, for v = 0, we can find f € LP0)0%(R") satisfying

ILF(0) — Lf(zD)] > C(log(1/]aD]))~4+

for some sequence {2} which tends to the origin.

By Theorem C with K = dB(0,1), we have the following corollary.

COROLLARY 4.6. Let
p(x) =14 wep(l — |z]),

where w,;(+) is as in Corollary 4.2. Set Ag = a(l —v) + [ and

(log(l)(l/r))_“‘s+1 if v=0,
(logy(1/r))~ A if 0 <wv <1,

Ws(r) =< (logyy(1/r)) At if v =1 and Ag < 1,
log o) (1/7) ifv=1and Ag =1,

1 ifr=1and Ag > 1

for 0 <r <1/2.
Let f € LPO»#(R™) satisfy (1.1). If 0 < v < 1 and Ag > 1 when v = 0, then

[Lf(x) = Lf(2)] < Clo = 2["¥s(|z — z])

whenever 0 < |z — z| < 1/2, where the constant C' may depend on the L'-norm
and LPO)»¢_norm of f.
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