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Abstract

We consider a Riesz decomposition theorem for super-polyharmonic func-
tions satisfying certain growth condition on surface integrals in the punc-
tured unit ball. We give a condition that super-polyharmonic functions u
have the bound

u(x) = O(R2(x)),

where R2 denotes the fundamental solution for −∆u in Rn.

1 Introduction

Let B(x, r) denote the open ball centered at x with radius r, whose boundary is
written as S(x, r) = ∂B(x, r). If x = 0, then we simply write B(r) = B(0, r) and
S(r) = S(0, r). Fix r0, 0 < r0 < 1. For 0 < r < r0, we set

A(r) = {x ∈ Rn : r < |x| < r0}.

For a Borel measurable function u on S(r), let us define the spherical mean over
S(r) by

M(u, r) = −
∫
S(r)

u(x) dS(x) =
1

ωnrn−1

∫
S(r)

u(x) dS(x),

where ωn denotes the surface area of the unit sphere S(1).
A real-valued function u on an open set Ω ⊂ Rn is called polyharmonic of order

m on Ω if u ∈ C2m(Ω) and ∆mu = 0 on Ω, where m is a positive integer and ∆m

denotes the Laplacian iterated m times. We denote by Hm(Ω) the space of poly-
harmonic functions of order m on Ω; for fundamental properties of polyharmonic
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functions, we refer the reader to the book by N. Aronszajn, T. M. Creese and L.
J. Lipkin [2].

We say that a locally integrable Borel function u on Ω is super-polyharmonic
of order m in Ω if

(1) (−∆)mu is a nonnegative measure on Ω, that is,∫
Ω

u(x)(−∆)mφ(x) dx ≥ 0 for all nonnegative φ ∈ C∞
0 (Ω);

(2) u is lower semicontinuous in Ω;

(3) every point of Ω is a Lebesgue point of u

(see [5]); (−∆)mu is referred to as the Riesz measure of u and denoted by µu.
Consider the Riesz kernel of order 2m defined by

R2m(x) =

 αn,m(−1)
2m−n

2 |x|2m−n log (1/|x|) if 2m− n is an even nonnegative integer,

αn,m(−1)max{0, (2m−n+1)
2

}|x|2m−n otherwise,

where αn,m is a positive constant chosen such that (−∆)mR2m is the Dirac measure
at the origin. Note here that if 2m ≤ n, then

lim
x→0

R2m(x) =

{
∞ if 2m ≤ n,
0 if 2m > n

(1.1)

Following the book by K. Hayman and P. B. Kennedy [8], we consider the remainder
term in the Taylor expansion of R2m(· − y) given by

R2m,L(x, y) = R2m(x− y)−
∑
|λ|≤L

(−y)λ

λ!
DλR2m(x),

where L is a real number; in case L < 0, set R2m,L(x, y) = R2m(x− y).
For a nonnegative measure µ on A(0), we define

R2m,Lµ(x) =

∫
A(0)

R2m,L(x, y)dµ(y).

Our first aim in this paper is to establish the following result.

Theorem 1.1. The following are equivalent:

(1) there is a super-polyharmonic function u onB(1)\{0} with µu = (−∆)mu ≥ 0
such that

(1-1) M((−1)mu, r) ≤ R2(r) for all 0 < r < r0;

(1-2) lim inf
r→0

R2(r)
−1M(((−1)mu)+, r) < ∞;
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(1-3) lim inf
x→0

R2(x)
−1(−1)mu(x) = −∞,

where v+ = max{v, 0}.

(2) m is odd and 2m ≤ n.

This extends a recent result by M. Ghergu, A. Moradifam and S. D. Taliaferro
[7, Theorem 1.1]; our result is stated as follows:

Corollary 1.2. The following are equivalent:

(1) there is a super-polyharmonic function u onB(1)\{0} with µu = (−∆)mu ≥ 0
such that

(1-4) (−1)mu ≤ 0,

(1-5) lim inf
x→0

R2(x)
−1(−1)mu(x) = −∞;

(2) m is odd and 2m ≤ n.

It is easy to see from (1.1) that (2) is equivalent to

(3) lim
x→0

(−1)mR2m(x) = −∞.

To show Theorem 1.1, we apply the following Riesz decomposition theorem for
super-polyharmonic functions in the punctured unit ball (see also M. Ghergu, A.
Moradifam and S. D. Taliaferro [7, Theorem 3.1], where they treated the case when
(−1)mu ≤ 0).

Theorem 1.3. Let u be a super-polyharmonic function on B(1) \ {0} with µu =
(−∆)mu ≥ 0. Suppose that there exist constants α ≥ n− 2 and C > 0 with

M((−1)mu, r) ≤ C

{
r−α when α > 0,
log(1/r) when α = 0,

whenever 0 < r < r0. Suppose further that

lim inf
r→0

rα−(n−2)R2(r)
−1M(((−1)mu)+, r) < ∞.

Then there exist a function h ∈ Hm(B(r0)) and constants cλ such that if α > n−2,
then

u(x) = R2m,Lµu(x) + h(x) +
∑
|λ|≤L

cλD
λR2m(x)

for all x ∈ A(0), where L is the integer such that L ≤ 2m− n+ α < L+ 1; and if
α = n− 2, then

u(x) = R2m,2m−3µu(x) + h(x) +
∑

|λ|≤2m−2

cλD
λR2m(x)

for all x ∈ A(0).

3



The case α > n−2 was treated in [6, Theorems 1.3 and 1.4]. For further related
results, we refer the reader to [1, 3, 4, 5, 9, 10].

Throughout this paper, let C denote various positive constants independent
of the variables in question and let C(a, b, · · · ) be a positive constant which may
depend on a, b, . . ..

2 Preliminaries and fundamental lemmas

Since ∆kR2m(x) is of rotation free, we write

∆kR2m(r) = ∆kR2m(x)

when r = |x|.
Lemma 2.1. For r > 0 and y ∈ Rn,

M(R2m(· − y), r) =



m−1∑
j=0

ajr
2j∆jR2m(y) if |y| > r,

m−1∑
j=0

aj|y|2j∆jR2m(r) if |y| ≤ r,

where a0 = 1 and

aj =
1

2jj!n(n+ 2) · · · (n+ 2j − 2)

for positive integers j.

Proof. Since ∆mR2m(· − y) = 0 in B(0, |y|), this equality holds for r < |y| by
Pizetti’s formula [12].

If |y| < r, then we have

M(R2m(· − y), r) =
1

ωnrn−1

∫
S(r)

R2m

(
|y|
r
x− r

|y|
y

)
dS(x)

=
1

ωn|y|n−1

∫
S(|y|)

R2m

(
x′ − r

|y|
y

)
dS(x′)

=
m−1∑
j=0

aj|y|2j∆jR2m

(
r

|y|
y

)
.

Since M(R2m(·−y), r) is a continuous function of r, the present lemma follows.

Lemma 2.2. Let u be a super-polyharmonic function on B(1) \ {0} with µu =
(−∆)mu ≥ 0. Then

M(u, r) =

∫
A(r)

(
m−1∑
j=0

ajr
2j∆jR2m(y)−

m−1∑
j=0

aj|y|2j∆jR2m(r)

)
dµu(y)

+
m−1∑
j=0

(
bjr

2j + cjr
2m−n−2j + djr

2m−n−2j log(1/r)
)
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for 0 < r < r0, where bj, cj and dj are constants satisfying dj = 0 when j >
(2m− n)/2 or 2m− n is odd.

Proof. For 0 < R < r < r0, u is represented as

u(x) =

∫
A(R)

R2m(x− y) dµu(y) + h1,R(x)

=

∫
A(R)

(
R2m(x− y)−

m−1∑
j=0

aj|y|2j∆jR2m(x)

)
dµu(y) + h2,R(x)

when x ∈ A(R), where h1,R, h2,R ∈ Hm(A(R)). Hence we have by Lemma 2.1

M(u, r) =

∫
A(R)

(
M(R2m(· − y), r)−

m−1∑
j=0

aj|y|2j∆jR2m(r)

)
dµu(y) +M(h2,R, r)

=

∫
A(r)

(
m−1∑
j=0

ajr
2j∆jR2m(y)−

m−1∑
j=0

aj|y|2j∆jR2m(r)

)
dµu(y) +M(h2,R, r).

This equality implies that M(h2,R, r) does not depend on R, so that, by [3, Lemma
1], we can find a constants bj, cj, dj(j = 0, 1, · · ·m− 1) independent of R such that
dj = 0 when j > (2m− n)/2 or 2m− n is odd, and

M(h2,R, r) =
m−1∑
j=0

(
bjr

2j + cjr
2m−n−2j + djr

2m−n−2j log(1/r)
)
,

as required.

Set

gm(t, r) =
m−1∑
j=0

ajr
2j∆jR2m(t)−

m−1∑
j=0

ajt
2j∆jR2m(r).

Lemma 2.3. The following hold:

(1) (−1)mgm(t, r) ≥ 0 for r < t;

(2) (−1)mgm(t, r) ≥ C(a)t2m−2φ(t, r) for t > ar and a > 1, where C(a) is a
positive constant and

φ(t, r) =

{
log(t/r) if n = 2,
r2−n if n ≥ 3.

Proof. For fixed r, set gm(t) = gm(t, r). We prove this lemma by induction on m.
In case m = 1, we have

g1(t) =

{
α2,1 log(r/t) if n = 2,
αn,1(t

2−n − r2−n) if n ≥ 3.
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Hence (1) and (2) hold for m = 1.
Suppose that (1) and (2) hold for m− 1 where m ≥ 2. Note that

∆gm(t) = g′′m(t) +
n− 1

t
g′m(t) = −gm−1(t).

Since M(R2m(· − y), r) ∈ C2m−2(Rn), we see that gm(r) = g′m(r) = 0, so that

(−1)mgm(t) = (−1)m
∫ t

r

s1−n

(∫ s

r

(
ξn−1g′m(ξ)

)′
dξ

)
ds

=

∫ t

r

s1−n

(∫ s

r

ξn−1(−1)m−1gm−1(ξ)dξ

)
ds, (2.1)

which gives (−1)mgm(t) ≥ 0 for t > r.
First we consider the case n ≥ 3. For a > 1, take a1 and a2 such that 1 < a2 <

a1 < a. Then we have for t ≥ ar

(−1)mgm(t) ≥
∫ t

a1r

s1−n

(∫ s

a2r

ξn−1(−1)m−1gm−1(ξ)dξ

)
ds

≥ C(a)r2−n

∫ t

a1r

s1−n

(∫ s

a2r

ξ2m+n−5dξ

)
ds

≥ C(a)t2m−2r2−n.

Thus (2) holds for m.
Next we deal with the case n = 2. Since

r2m−2(−1)mgm(a, 1) ≤ (−1)mgm(t, r) ≤ r2m−2(−1)mgm(b, 1)

for ar < t < br, it is sufficient to find constants c(m) > 1 such that c(m) is
increasing for m and

(−1)mgm(t, r) ≥ Ct2m−2 log(t/r)

for t ≥ c(m)r. By (2.1), we have

(−1)mgm(t) =

∫ t

r

ξ(−1)m−1gm−1(ξ) log
t

ξ
dξ

≥ C

∫ t

c(m−1)r

ξ2m−3

(
log

ξ

r

)
log

t

ξ
dξ

= Ct2m−2

∫ 1

c(m−1)r/t

s2m−3

(
log

ts

r

)
log

1

s
ds

≥ Ct2m−2

{
log

t

r

∫ 1

c(m−1)/c(m)

s2m−3 log
1

s
ds− C(m)

}
≥ Ct2m−2 log(t/r).

The induction is completed.
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Lemma 2.4. Let u be a super-polyharmonic function on B(1) \ {0} with µu =
(−∆)mu ≥ 0. Suppose that there exist constants α ≥ n− 2 and C > 0 such that

M((−1)mu, r) ≤ C

{
r−α when α > 0,
log(1/r) when α = 0

for 0 < r < r0.

(1) If α > n− 2, then

lim sup
r→+0

rα+2−n

∫
A(r)

|y|2m−2 dµu(y) < ∞.

(2) If α = n− 2, then ∫
A(0)

|y|2m−2 dµu(y) < ∞.

Proof. First we show the case n ≥ 3. For 0 < r < r0, we have by Lemmas 2.2 and
2.3,

M((−1)mu, r) ≥
∫
A(2r)

(−1)mgm(|y|, r) dµu(y)− Cr2−n

≥ C(2)r2−n

∫
A(2r)

|y|2m−2 dµu(y)− Cr2−n.

Then we see that

r2−n

∫
A(2r)

|y|2m−2 dµu(y) ≤ C
(
r−α + r2−n

)
,

so that we have the required result.
Next we prove the case n = 2. For 0 < r < r0, we have by Lemmas 2.2 and 2.3,

M((−1)mu, r) ≥
∫
A(2r)

(−1)mgm(|y|, r) dµu(y)− C log(1/r)

≥ C(2)

∫
A(2r)

|y|2m−2 log(|y|/r) dµu(y)− C log(1/r),

as required.

Lemma 2.5. Let u be a super-polyharmonic function on B(1) \ {0} with µu =
(−∆)mu ≥ 0. Suppose that there exist constants α ≥ n− 2 and C > 0 such that

M((−1)mu, r) ≤ C

{
r−α when α > 0,
log(1/r) when α = 0,

whenever 0 < r < r0. If α > n− 2, then∫
A(0)

|y|2m−n+α+ε dµu(y) < ∞

for ε > 0; if α = n− 2, then one can take ε = 0.
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Proof. By Lemma 2.4 (1), we have∫
B(r)\B(r/2)

|y|2m−2 dµu(y) ≤ Cr−αR2(r)
−1

for 0 < r < r0, so that∫
A(0)

|y|2m−n+α+ε dµu(y)

=
∞∑
j=0

∫
B(2−jr0)\B(2−j−1r0)

|y|2m−n+α+ε dµu(y)

≤
∞∑
j=0

(2−jr0)
2−n+α+ε

∫
B(2−jr0)\B(2−j−1r0)

|y|2m−2 dµu(y)

≤ C

∞∑
j=0

2−jε < ∞,

as required.

Finally we discuss a fine limit property for Riesz potentials (see also [7, Propo-
sition 4.2]). For this purpose, set

R2mµ(x) =

∫
A(0)

|R2m(x− y)| dµ(y),

where µ is a nonnegative measure on A(0).

Lemma 2.6. Let 2m ≤ n. Then for every α, β > 0 there exists a nonnegative
measure µ such that

(1)

∫
A(0)

|y|−α dµ(y) < ∞ ;

(2) lim sup
x→0

|x|βR2mµ(x) = ∞.

Proof. Take a sequence {xj} such that |xj| = 1/j. For sequences {aj} and {rj} of
positive numbers, set

µ =
∑
j

ajr
−n
j χB(xj ,rj),

where χE denotes the characteristic function of a measurable set E. Now it suffices
to choose {aj} and {rj} such that

(1)

∫
A(0)

|y|−α dµ(y) ≤ C
∑
j

jαaj < ∞ ;

(2) R2mµ(xj) ≥ CR2m(rj)aj ≥ Cj2β for each j;
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this is possible since lim
x→0

R2m(x) = ∞ when 2m ≤ n. In fact, we choose {aj}
such that 0 < aj < j−α2−j and {rj} such that {B(xj, rj)} is a disjoint family and
R2m(rj) > a−1

j j2β.

Note here that (1) gives

(3) M(R2mµ, r) is bounded when 2m ≤ n.

3 Representation formula

In the same manner as [11, Lemmas 6, 8 and 9] (see also [7, (3.12), (4.5)]), we have
the following results.

Lemma 3.1. Let 2m− 3 ≤ L ≤ 2m− 2. Then there exists a constant C > 0 such
that

|R2m,L(x, y)| ≤ C

{
|y|L+1min{log(1/|y|), log(1/|x|)} if L = 2m− 3 and n = 2,
|y|L|x|2m−L−3R2(x)min{|y|, |x|} if L = 2m− 2 or n ≥ 3

for all x, y ∈ B(1) and |x− y| > |x|/2; if 2m > n, then

|R2m,L(x, y)| ≤ C

{
|y|L+1min{log(1/|y|), log(1/|x|)} if L = 2m− 3 and n = 2,
|y|L|x|2m−L−3R2(x)min{|y|, |x|} if L = 2m− 2 or n ≥ 3

for all x, y ∈ B(1).

Lemma 3.2. If L > 2m− 2, then there exists a constant C > 0 such that

|R2m,L(x, y)| ≤ C|y|L|x|2m−n−L−1min{|y|, |x|}

for all x, y ∈ B(1) and |x− y| > |x|/2; if 2m > n, then

|R2m,L(x, y)| ≤ C|y|L|x|2m−n−L−1min{|y|, |x|}

for all x, y ∈ B(1).

Lemma 3.3. Let u be a super-polyharmonic function on B(1) \ {0} with µu =
(−∆)mu ≥ 0. Suppose that there exist constants α ≥ n− 2 and C > 0 such that

M((−1)mu, r) ≤ C

{
r−α when α > 0,
log(1/r) when α = 0,

whenever 0 < r < r0. Then

lim
r→0

rqM(|R2m,Lµu|, r) = 0

for all q > α, where L is the integer such that 2m− n+ α− 1 < L ≤ 2m− n+ α
when α > n− 2 and L = 2m− 3 when α = n− 2.
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Proof. First we consider the case α > n − 2, and take ε > 0 such that 2m − n +
α+ ε− 1 ≤ L < 2m− n+α+ ε and ε < q−α. If 2m > n, then, since L ≥ 2m− 2
in case α > n− 2, we have by Lemmas 2.5, 3.1 and 3.2

|R2m,Lµu(x)| ≤ C|x|2m−L−3R2(x)

∫
A(0)

|y|L min{|y|, |x|}dµu(y)

≤ C|x|−α−ε+n−2R2(x)

∫
A(0)

|y|2m−n+α+εdµu(y)

≤ C|x|−α−ε+n−2R2(x),

which gives

lim
r→0

rq −
∫
S(r)

|R2m,Lµu(x)|dS(x) = 0 (3.1)

for q > α. If 2m− n ≤ 0, then

|R2m,L(x, y)| ≤ CR2m(x− y)χ{y:|x−y|<|x|/2}(y)

+ C|y|L|x|2m−L−3R2(x)min{|y|, |x|}.

Noting from Lemma 2.1 that

−
∫
S(r)

R2m(x− y) dS(x) ≤ CR2m(r)

when r/2 < |y| < 3r/2, we obtain (3.1) for q > α, as above.
Similarly, if α = n− 2 and L = 2m− 3, then

−
∫
S(r)

|R2m,Lµu(x)|dS(x) ≤ Cr2−n log(1/r)

∫
A(0)

|y|2m−2dµu(y) ≤ Cr−α log(1/r),

which implies (3.1) for q > α, as required.

Theorem 3.4. Let u be a super-polyharmonic function on B(1) \ {0} with µu =
(−∆)mu ≥ 0. Suppose that there exist constants α ≥ n− 2 and C > 0 such that

M((−1)mu, r) ≤ C

{
r−α when α > 0,
log(1/r) when α = 0,

whenever 0 < r < r0. Then there exists a function h0 ∈ Hm(A(0)) such that

u(x) = R2m,Lµu(x) + h0(x)

for x ∈ A(0), where L is the integer such that 2m− n+ α− 1 < L ≤ 2m− n+ α
when α > n− 2 and L = 2m− 3 when α = n− 2.

Proof. Since R2m,Lµu(x) is super-polyharmonic in A(0) by Lemma 3.3, we see that

u(x)−R2m,Lµu(x)
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is polyharmonic of order m in A(0) (in the sense of distributions). By Weyl’s
lemma, there exists a function h0 ∈ Hm(A(0)) such that

h0(x) = u(x)−R2m,Lµu(x)

for x ∈ A(0).

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. By Theorem 3.4, there exists a function h0 ∈ Hm(A(0))
such that

u(x) = R2m,Lµu(x) + h0(x)

for x ∈ A(0). Since

((−1)mh0(x))
+ ≤ ((−1)mu(x))+ +

(
(−1)m+1R2m,Lµu(x)

)+
≤ ((−1)mu(x))+ + |R2m,Lµu(x)|,

we have
lim inf
r→0

rqM(((−1)mh0)
+ , r) = 0

for q > α, by Lemma 3.3. Hence, in case α > n − 2, we find a function h ∈
Hm(B(r0)) and constants {cλ} such that

h0(x) =
∑

|λ|<q+2m−n

cλD
λR2m(x) + h(x)

=
∑
|λ|≤L

cλD
λR2m(x) + h(x)

for x ∈ A(0) with the aid of [6, Theorem 1.2]; in case α = n− 2,

h0(x) =
∑

|λ|≤2m−2

cλD
λR2m(x) + h(x).

Thus the theorem is obtained.

4 Proof of Theorem 1.1

For a proof of Theorem 1.1 we prepare the following lemma (see also [7, Proposition
4.1]).

Lemma 4.1. Let m be even. Suppose that u is a super-polyharmonic function on
B(1) \ {0} with µu = (−∆)mu ≥ 0 and

M((−1)mu, r) ≤ CR2(r) whenever 0 < r < r0

for some constant C > 0. Then

lim inf
x→0

R2(x)
−1(−1)mR2m,2m−3µu(x) ≥ 0.

11



Proof. By Lemma 2.4 (2) we have∫
A(0)

|y|2m−2dµu(y) < ∞.

First we show the case n ≥ 3. Then Lemma 3.1 gives

(−1)mR2m,2m−3(x, y) ≥ −C|y|2m−3|x|2−n min{|y|, |x|},

since (−1)mR2m(x−y) ≥ 0 when m is even and 2m ≤ n. Hence, if m is even, then

(−1)mR2m,2m−3µu(x) ≥ −C|x|2−n

∫
A(0)

|y|2m−3 min{|y|, |x|}dµu(y),

which together with Lebesgue’s dominated convergence theorem gives

lim inf
x→0

|x|n−2(−1)mR2m,2m−3µu(x) ≥ 0.

Next we consider the case n = 2. The above discussions yield

(−1)mR2m,2m−3µu(x) ≥ −C

∫
A(0)

|y|2m−2min{log(1/|y|), log(1/|x|)}dµu(y),

so that
lim inf
x→0

(log(1/|x|))−1(−1)mR2m,2m−3µu(x) ≥ 0,

as required.

Proof of Theorem 1.1. First we show that (1) implies (2). For this purpose, we
suppose that m is even or 2m > n, and take a super-polyharmonic function u on
B(1) \ {0} with µu = −∆mu ≥ 0 satisfying (1-1) – (1-3). By Theorem 1.3, there
exist a function h ∈ Hm(B(r0)) and constants cλ such that

u(x) = R2m,2m−3µu(x) + h(x) +
∑

|λ|≤2m−2

cλD
λR2m(x)

for x ∈ A(0). Then, by Lemma 4.1, we have

lim inf
x→0

R2(x)
−1(−1)mu(x) ≥ −C > −∞,

which contradicts with (1-3).
The implication (2) ⇒ (1) is obtained by Lemma 2.6.
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