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Abstract
Our aim in this paper is to discuss Trudinger’s exponential integrability
for Riesz potentials of functions in generalized grand Morrey spaces. Our
result will imply the boundedness of the Riesz potential operator from a
grand Morrey space to a Morrey space.

1 Introduction

Let R™ denote the n-dimensional Euclidean space. We denote by B(x,r) the
open ball centered at = of radius  and denote by |E| the Lebesgue measure of a
measurable set £ C R". In this paper, let G be a bounded open set in R". We
denote by dg the diameter of G

In 1938, Morrey [8] considered the integral growth condition on derivatives
over balls, in order to study the existence and regularity for partial differential
equations. A family of functions with the integral growth condition is then called
a Morrey space after his name. A systematical study for Morrey spaces was done
by Peetre [10] in 1969, where the Morrey space LP*(G) is a family of f € L}, (G)
satisfying the Morrey condition

TV

sup [f(W)[Pdy < o0

ze€G,0<r<dg |B(ZL’, T’)| GNB(z,r)

for p > 1 and v > 0 (see also Nakai [9]). Grand Lebesgue spaces were introduced in
2] for the sake of study of the integrability of the Jacobian (see also [3, 4, 11, 12]).

For 0 < @ < n and a locally integrable function f on G, we define the Riesz
potential U, f of order o by

Unf () = /G & — " () dy:

for fundamental properties of Riesz potentials, we refer the reader to the book by
the first author [6].
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Meskhi [5] investigated the boundedness for several integral operators, including
the Riesz potential operator, in the grand Morrey spaces LP)"?(G) which consists
of all functions f € L, (G) satisfying the grand Morrey condition

14

0 r

sup [f(W)P=dy < o0

E —_—
veG0<r<dc0<e<p—1 | B(@,7)] Janp@r

for p > 1,v > 0 and 6 > 0; in what follows, let f = 0 outside G. Our main aim in
this paper is to establish Trudinger’s exponential integrability for Riesz potentials
of functions in generalized grand Morrey spaces which will be mentioned below.

In view of Fusco, Lions and Sbordone [1], we see that if f is a measurable
function on G satisfying the grand Lebesgue condition

e—0+

i < [ 1£)"<dy =0,
G

then
/ exp(|U1f(x)|"/(”_1+9)) dx < 00.
a

We also obtain Trudinger’s exponential integrability for Riesz potentials of func-
tions in grand Lebesgue spaces.

Throughout this paper, let C' denote various constants independent of the vari-
ables in question, and C(a, b, - - ) a constant that depends on a,b, - --. The symbol
g ~ h means that C~'h < g < Ch for some constant C' > 0.

2 Grand Morrey spaces

Let ¢ be a positive nondecreasing function on (0, co) satisfying the following con-
dition:

(pl) there exists a constant A; > 1 such that

ATlrm < o(r) < Ay for0<r < 1;

(p2) ¢ is doubling on (0, c0), namely there exists a constant Ay > 1 such that

©(2t) < Ayp(t) fort > 0.

For 8 > 0, set ]
2d¢g
() = / (1) 117 log(2des 1)) &
1 t

T

when r > 1/dg; and set
Up(r) = das(1/da)r

when 0 < r < 1/dg.
Let us begin with the following result, which is easily proved by (¢2).

LEMMA 2.1. For 3 > 0, 93 is increasing and doubling on [0, 00).
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Now, for p > 1 and # > 0, we introduce the generalized grand Morrey space
LP»#9(G) which consists of all measurable functions f on G such that

. p(r)
o = infdA>0: sup e’
11l oo °G) { reGo<r<dgo<e<p-1  |B(x,7)|

<[y < 1} < oo
B(z,r)

recall here that f = 0 outside G.

In case ¢(r) = r¥, LP%?(Q) is denoted by LP*? (@) for simplicity; in particular,
LP)™ (@) is usually written as LP9(Q).

Our main aim in this paper is to establish the following exponential integrability
for Riesz potentials of functions in LP»%9(G).

THEOREM 2.2. For 0 < 8 < « there exist constants ci,cs > 0 such that

1 1 a—f
B o, (@U@} o < cavsfi)

forall z € G, 0 <r <dg and f > 0 with || f|| 1n).co) < 1.

REMARK 2.3. In Theorem 2.2, set

.(r) = {v7 (err)} "
and
os(r) = vs(1/r) ™",

Then the theorem insists that U,f is an element of the Morrey space L5 (G)
(which is defined in a natural way) when f € LP%9(G).

EXAMPLE 2.4. Let o(r) = r*?(log(co + r~1))™ {log(log(co + 1))} ™, where 1, 7
are constants and ¢y > 1 is chosen so that ¢ is decreasing on (0, 00).

(1) If ; < p+6, then
Ya(r) ~ (log(co + 1)) P~/ {log(log(co + 7))} ™7

and
(V)4 (r) ~ exp (/P07 log(cp + 1))/ P+ )

(2) if m =p+ 0 and 7 < p, then

Yo (r) ~ {log(log(co + r))}lffz/p

and
(o) "' (r) ~ exp(exp(r?”/ #7™)));

(3) if m =p+6 and 7 = p, then
ta(r) ~ log(log(log(co +7)))

and
(Vo) 1 (r) ~ exp(exp(expr));



(4) if m = p+ 60 and 1 > p, then ¥, (c0) < 00, so that
%(T) ~1

for large r > 0.

COROLLARY 2.5. Let (1) = r*P(log(co + 1)) {log(log(co + r~1))}™ as above.
If 0 < n < «, then there exist constants c1,cs > 0 (depending on n) such that

(1) in case Ty <p+90,

1
B [ ewlatu @
) B(z,r)

x (log(co + Ua f ()P dx < cor™;

(2) in case 1y =p+ 60 and 75 < p,

1

— exp [exp (e Uy f(2)Y2/PN] da < cor™
B o ™ 170 )

forallz € G, 0 <r <dg and f > 0 with || f|[ 1n.co) < 1.

In fact, to prove (1), letting 0 < o« — 5 < 1 < «, we see from Theorem 2.2 and
Example 2.4 (1) that

1 —T
BE] o, P (e = s @y 050
) B(z,r

X (log(co + Uaf(a:)))”/(pw_”)} dx
< CQT’(Q”B)(log(co + r))(effl)/p{log(log(co + r))}’”/p

forall z € G, 0 <r <dgand f > 0 with HfHLp),w,e(G) < 1. Hence it suffices to
note that

™) log(co + 1))~ {loglog(co + 1))} P < Cla)r

when 0 < r < dg. Assetion (2) can be proved similarly.
For a proof of Theorem 2.2, we prepare some lemmas.

LEMMA 2.6. There exists a constant C > 1 such that

1

= fy) dy < Cp(r)"'/*(log(2de /1))’ (2.1)
|B([L’, T>| B(z,r)
forallz € G,0<r <dg and f > 0 with ||f||Lp>,<p,e(G) < 1.

Proof. Let f be a nonnegative measurable function on G such that ||f||Lp),¢,e(G) <1
Then note that

0 QO(T) p=e g
“1B(.n) /B@,r) fy=dy <1
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forallz € G,0 <r <dgand 0 < e <p—1. We have by Jensen’s inequality

1/(p—¢)
d psd
|/ y—(wm/“ y)

< g0/ 6)90( )~ 1/(p—¢)
Here, taking e = min{(p — 1)/2, (log(2d¢/r))~'}, we find by (¢1)

1 o ,,
B Sy | @ W = O P (log(2dg /r))°'",

since r~1/(08(2da/m)) is hounded above when 0 < r < dg. This proves the lemma. [

LEMMA 2.7. Let 0 < 8 < a.. Then there exists a constant C' > 0 such that

1 -1
B Joen Usf(x)dx < CB ™ 1ps(1/r)

forall z € G, 0 <r <dg and f > 0 satisfying (2.1).
Proof. Let z € G,0 <r <dg and 0 < § < a. For f > 0 satisfying (2.1) , write

Uate) = [ el [ ey ) dy
B(z,2r) G\B(z,2r)
= Ui(x) + Uy(x).
By Fubini’s theorem, (2.1) and (g02) we have

1
A / ([ - |ﬂ"dm)f< )dy
‘B(Z,’l“)| B(z,r) ' |B z,T | 227') B(z,r)

cp! B

S 6 T /Bz2r

< Cﬁ‘lrﬂ (7‘) Y7 (log(2dg /r))""?
< OB Mp(1/r)

since

3r/2
0 2 [ el o2 ) S > 1%t los(2d /)

For U,, note that

Un(z) < C / =y ) dy
G\B(z,2r)

for x € B(z,r). Here we have only to consider the case 0 < r < dg/2 since
Us(z) = 0 for r > dg /2. Hence we obtain

2dg d
i) < [ e (/( G >dy> &

2da dt
¢ [ ety s ede )
2

r

< Cip(1/r)

by Lemma 2.1, which proves the present lemma. O

IN
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Now we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let f be a nonnegative measurable function on G satisfying
[ £l 29.¢.0(cy < 1. Then we have by Lemma 2.6

|B x,r)] / y) dy < Co(r)~ P (log(2de/r))?/”

foralleGandO<r<dg.
For z € G and 0 < § < dg, write

Uf(z) = / T dy / g lE W

For 0 < 8 < a we have

Us() < 6% / 2 — PP () dy < 5°PU, f(a)
B(z,0)

and
2d¢g N dt
Us(z )<0/ o (/ f(y)dy> -
B(z,t)
2dG dt
< C/ “7(log(2dg /1)) —
< Cy (6
since
2de: dt 2d¢g dt
/ o= (/ fly )d@/) <c<cC / 1 () /*(log(2dq /1)) —
d B(x,t) t da t

Hence it follows that
Uaf(w) < C{0*PUsf(w) + a0}
If {Usf(z)}~Y@F) < dg, then we take § = {Ugf(x)} /(@) to obtain
Uaf (@) < Cal{Usf (@)}*7);
if {Ugf(x)}~1@F) > dg, then we take § = dg to obtain
Uaf(z) < C

Hence
Uanf(z) < Crtha(1 + {Usf ()} @),
which together with Lemma 2.7 gives

|B(z,7)] /BW) {va Uaf(@)/C)}" " d

’B(Z> T)‘ B(z,r) {1 * Uﬁf(x)} e

< C{1+87s(1/r)}
< C(Bys(1/r)

for z € G and 0 < r < dg. The proof is now completed. O

IN
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REMARK 2.8. If f € LPY(G) with v = ap < n, then, in view of the proof of
Theorem 2.2, we find constants ¢q, co > 0 such that

rh _
——————1/' exp (en|Ua f (2)]) diz < e
’B z,T ‘ B(z,r)

forall z € G, 0 <r <dg and 0 < n < «; for this, see also [7]. Here we can not
add an exponent ¢ > 1 such that

r / 1
TR exp(cn|Uaf(2)]") dz < con
’B Z,T ‘ B(z,r) ! ( |

But, in case v = ap = n, this is not the case, as will be seen in Theorem 3.1.
For this, consider the function f(y) = |y| " “xB(y), where B = B(0,1). If
n —ap > 0, then

pd — Pdy < C
wzr|/xr “-wzr|/xr“ yI™dy
B)

for all z € B and 0 < r < 2, so that f € LP¥(
On the other hand, we see that

Uf(z) > / " () dy
B\B(0,2|z)

2&—71 / ’y‘—’ﬂ dy
B\B(0.2]z])

C'log(1/|[)

Y]

v

for x € B(0,1/3). Hence

/B(O )exp (c{Uuf(2)}?) dx = 0

forallr >0,c>0and g > 1.

REMARK 2.9. If (o« — 1)p < v < ap, then there exists a constant C' > 0 such that
Uaf(2) = Uaf(2)] < Clu = 2*7"/"(log(e + 1/ |z — 2]))*"

for all z, 2 € G and f > 0 satistying || f|| zr.vo(g) < 1 (for instance, see [7]).

3 Grand Lebesgue spaces

In view of Fusco, Lions and Sbordone [1], we see that if

lim &’ /|f )" dy =0,

e—0+

then
/ exp (|U1f(x)|”/("_1+9)) dr < 0.
G

In connection with their result, we can prove the following result.
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THEOREM 3.1. Let ap = n. Then for 0 < n < « there exist constants cy,cy > 0
such that

1

—_— exp (e {Uq f(2) Y/ ATODPY) do < ey
B Jon ™ )
for all z € G, 0 <r < dg and f > 0 satistying || f|| 0.0 < 1.

REMARK 3.2. In Corollary 2.5, letting 0 < n < «a and ¢(r) = r"(log(co + r71))7
with 7 < p+ 0, we can find constants ¢y, cy > 0 such that

1

—_— exp (e {Uq f ()Y OFOTP)) do < o™
B o ™ )

for all z € G, 0 < r < dg and f > 0 satisfying ||f||Lp),¢,,e(G) < 1. When 7 < 1,
Theorem 3.1 gives a result better than this.
For a proof of Theorem 3.1, we have only to give the next result.

PROPOSITION 3.3. Let ap = n. Then for 0 < 8 < « there exist constants ¢y, co > 0
such that

1

b . J(1+(0-1)/p)
’B<Z7r)| B(z,r)e P (Cl{Uaf(w)}l a 1 ) da S CQwﬁ(l/T)

forall z € G, 0 <r <dg and f > 0 satisfying Hf||Lp),¢,g(G) < 1.
To prove Proposition 3.3, we prepare the next lemma.

LEMMA 3.4. Let ap = n. Then there exists a constant C' > 0 such that
/ |z —y|* " f(y) dy < C(log(2dg/r)) =0/
G\B(z,r)

forall x € G, 0 <r < dg and f > 0 satisfying Hf|\Lp>,<p,e(G) < 1.

Proof. Let p = n/a and f be a nonnegative measurable function on G satisfying
[ f1[ 2w #.0(y < 1. Then note that

/f@VE@SaO
G

foral0 < e <p—1. Forz e G,0 <r <dgand 0 < e < p—1, we have by



Holder’s inequality

[ sy
G\B(z,r)

) 1/(p—e)’ 1/(p—¢)
< [ ey dy) ( [ s dy)
G\B(z,r) G\B(z,r)

da 1/(1’_5)/
C (/ tla=—n)(p—e)'+n—1 dt) —0/(p—¢)

i 1/(p—e)’
C (/ t—aa/(p—a—l)—l dt) 6—9/(10—5)

—ae/(p—e—1 1/(p—e)

roos/meh —0/(p—2)
ag/(p—e—1)

Cr—¢/(p—¢) —1/(p—e)' =0/ (p—¢)

IN

IN

IN

IN

Cr—ce/(p—e)=1/p'=0/p

IAINA

Now, taking ¢ = min{(p — 1)/2, (log(2dg/r))"'}, we find
/ |z —y|* " f(y) dy < C(log(2dg/r)) P+,
G\B(z,r)

which gives the result. [

Proof of Proposition 3.3. Let f be a nonnegative measurable function on G satis-
fying || f|lz».c0G) < 1. Then for 0 < 8 < a we have by Lemma 3.4

Unf(z) = / g ) dy + / g ) dy
B(x,6) G\B(z,6)
< 0 PUsf () + C(log(2dg/r)) ~1-9/P,

Here, as in the proof of Theorem 2.2, we have the inequality
Unf(x) < Cy(log(e + Usf(x))) =07,

Hence we find

m /B( )eXp <{Uaf($>/01}1/(1_(1—9)/10)) dx

1
C—r—— U d
|B(Z,’I“)| B(z,r){l - Bf(x)} !

< Cyu(l)r)

IN

for all z € G and 0 < r < dg, in view of Lemma 2.7 . Now we obtain the present
result. ]
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