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Abstract

In this paper we are concerned with Trudinger’s inequality and continuity
for Riesz potentials of functions in Musielak-Orlicz-Morrey spaces on metric
measure spaces.

1 Introduction

A famous Trudinger inequality ([42]) insists that Sobolev functions in W1V (G)
satisfy finite exponential integrability, where G is an open bounded set in RY (see
also [2], [5], [36], [43]). For 0 < o < N, we define the Riesz potential of order « for
a locally integrable function f on RV by

Uatte) = [ l=ul" )y

Great progress on Trudinger type inequalities has been made for Riesz potentials
of order «v in the limiting case ap = N (see e.g. [8], [9], [10], [11], [41]). Trudinger
type exponential integrability was studied on Orlicz spaces in [3], [28] and [32], on
generalized Morrey spaces L'¥ in [23] and [24], and on Orlicz-Morrey spaces in
[33] and [38]. For Morrey spaces, which were introduced to estimate solutions of
partial differential equations, we refer to [35] and [40].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to dis-
cuss nonlinear partial differential equations with non-standard growth condition.
For a survey, see [6] and [7]. Trudinger type exponential integrability was inves-
tigated on variable exponent Lebesgue spaces LP() in [12], [13] and [14] and on
two variable exponents spaces LP()(log L)?) in [27]. See also [26] for two variable
exponents spaces L) (log L)40).
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For x € RN and r > 0, we denote by B(x,r) the open ball centered at x
with radius 7 and dq = sup{d(z,y) : x,y € Q} for a set Q C R". For bounded
measurable functions v(-) : RN — (0, N] and 8(-) : RN — R, let LPO)a0)v080)(@)
be the set of all measurable functions f on G such that HfHLp(A),q(A),V(A),g(A)(G) < 00,
where

@ (1o /)@
Hf||Lp(%q(‘),l,(‘),g(A)(G) = inf {)\ >0: sup ! ( g(e + /T))
z€G,0<r<dg |B(£L’, T)|

L (el 52 )

we set f = 0 outside G. As an extension of Trudinger [42] and [24, Corollaries 4.6
and 4.8], Mizuta, Nakai and the authors [25] proved Trudinger type exponential
integrability for two variable exponent Morrey spaces LP()-2()():80)(G) when p(-)
and ¢(-) are variable exponents satisfying the log-Holder and loglog-Holder condi-
tions on G, respectively. The result is an improvement of [31, Theorems 4.4 and
4.5]. In fact we proved the following:

THEOREM A. Suppose inf,cgv v(x) > 0 and inf,cgnv (o — v(z)/p(z)) > 0 hold.
Let ¢ be a constant such that

inf (v(z)/p(x) —e)>0and0<e <a.

rzeR?

Then there exist constants Cy,Cy > 0 such that

(1) in case sup,cgpn (q(z) + B(x))/p(x) < 1

u/p p(@)/(p(z)—q(z)—B(z))
o |/ eXp<|U of ()] - ) d < Oy,
z,7) JBem 1

(2) in case infenn (a(z) + B(x))/p(x) > 1

/7)< (o (L2121
_ explexp| —=—— | |dx < C
|B(Z7 T)| B(z,r) C(1 2

for all z € G, 0 <r <dg and f satisfying HfHLp<.),q<.) v(),80()(@) < 1.

Recently, Theorem A was extended to Musielak-Orlicz-Morrey spaces in [20].
Our main aim in this paper is to give a general version of Trudinger type exponen-
tial integrability for Riesz potentials I, f of functions in Musielak-Orlicz-Morrey
spaces L®%(X) on metric measure spaces X (e.g., Corollary 4.6) as an extension
of the above results (see Section 2 for the definitions of ® and x and Section 3 for
the definition of I, f). Since we discuss the Morrey version, our strategy is to find
an estimate of Riesz potentials by use of Riesz potentials of order e, which plays
a role of the maximal functions (see Section 3). What is new about this paper is
that we can pass our results to the metric measure setting; the technique in [20]
still works.

Beginning with Sobolev’s embedding theorem (see e.g. [1], [2]), continuity
properties of Riesz potentials or Sobolev functions have been studied by many
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authors. Continuity of Riesz potentials of functions in Orlicz spaces was studied in
[11], [21], [22], [29] and [32] (cf. also [30]). Then such continuity was investigated
on generalized Morrey spaces L'¥ in [23] and [24], on Orlicz-Morrey spaces in
[34], on variable exponent Lebesgue spaces in [12], [13] and [16] and on variable
exponent Morrey spaces in [34]. In [25], Mizuta, Nakai and the authors also proved
continuity for Riesz potentials of functions in two variable exponent Morrey spaces
LPOa)vOB0 (G,

In [20], these results have been extended to Musielak-Orlicz-Morrey spaces.
Our second aim in this paper is to give a general version of continuity for Riesz
potentials I,,f of functions in Musielak-Orlicz-Morrey spaces L*%(X) on metric
measure spaces (e.g., Corollary 5.6) as an extension of the above results.

In [39], we established Trudinger type exponential integrability for Musielak-
Orlicz spaces in the Euclidean setting by use of the maximal functions, which
are a crucial tool as in Hedberg [18]. Our third aim in this paper is to give a
general version of Trudinger type exponential integrability for Riesz potentials
I.f of functions in Musielak-Orlicz spaces L®(X) on metric measure spaces (e.g.,
Corollary 7.2) as an extension of [13], [17] and [39]. To obtain our results, we need
the boundedness of maximal operator on L?(X) (see Lemma 6.1).

In the final section, we show the continuity for Riesz potentials I, f of functions
in Musielak-Orlicz spaces L*(X) on metric measure spaces (see Corollary 8.2).

2 Preliminaries

Throughout this paper, let C' denote various constants independent of the variables
in question.

We denote by (X, d, 1) a metric measure space, where X is a set, d is a metric
on X and p is a nonnegative complete Borel regular outer measure on X which is
finite in every bounded set. For simplicity, we often write X instead of (X, d, u).
For z € X and r > 0, we denote by B(z,r) the open ball centered at x with radius
r and dg = sup{d(z,y) : z,y € Q} for a set Q C X.

We say that the measure p is a doubling measure if there exists a constant
co > 0 such that u(B(z,2r)) < cou(B(z,r)) for every z € X and 0 < r < dx. We
say that X is a doubling space if u is a doubling measure.

In this paper, we assume that X is a bounded set and a doubling space, that
is dx < oo. This implies that u(X) < oo.

We consider a function

O(z,t) = tp(x,t) : X x [0,00) — [0, 00)
satisfying the following conditions (®1) — (®4):

(®1) ¢(-,t) is measurable on X for each t > 0 and ¢(z, - ) is continuous on [0, 00)
for each x € X

(®2) there exists a constant A; > 1 such that

AP < ¢p(x,1) < Ay forall z € X;



(®3) ¢(x,-) is uniformly almost increasing, namely there exists a constant Ay > 1
such that

o(z,t) < Agpp(z,s) forallz € X  whenever 0 <t < s;

(®4) there exists a constant Az > 1 such that

d(x,2t) < Agp(x,t) forallz € X and ¢ > 0.

Note that ($2), (®3) and (P4) imply

0 < inf ¢(z,t) < sup ¢(z,t) < o0
zeX zeX

for each t > 0.
If ®(x,-) is convex for each x € X, then (®3) holds with Ay = 1; namely ¢(z, -)

is non-decreasing for each x € X.

Let gg(x,t) = SUPg< sy ¢(z,s) and

¢
B(a,t) = / b, ) dr (2.1)
0
for z € X and t > 0. Then ®(z,-) is convex and
1 —
—O(x,t) < O(z,t) < AyP(x,t) (2.2)
243

forallx € X and t > 0.
We shall also consider the following condition:

(®5) for every 71,72 > 0, there exists a constant B,, ,, > 1 such that

¢(.’L’, t) S B'Yl,’Yz(b(yv t)

whenever d(x,y) < vt~/ and ¢ > 1.

EXAMPLE 2.1. Let p(-) and ¢;(-), j = 1,..., k, be measurable functions on X such
that

(P1) 1<p :=infexp(z) <sup,eyxp(z) = pt < oo
and
(Ql) —oo < q; = infuex qj(z) < sup,cx qi(z) = ¢ < oo

forall j=1,... k. ' '
Set Lo(t) = log(c+t) for ¢ > e and t > 0, L (¢) = Lo(t), LYV (1) = L.(LY (1))
and

k
®(x,t) = tP@ H(ij)(t))qj(x).
j=1

Then, ®(z,t) satisfies (1), ($2), ($3) and (P4).
Moreover, we see that ®(x,t) satisfies ($5) if
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(P2) p(+) is log-Hélder continuous, namely
C
p(@) = py)] < 57—
P =P S LG y)
with a constant Cj, > 0 and
(Q2) ¢;(-) is j + 1-log-Holder continuous, namely
C

qj

LIV /d(z,y))

|g;(7) — ¢;(y)| <

with constants Cy, >0, j =1,...k.

EXAMPLE 2.2. Let p(-) be a measurable function on X satisfying (P1) and (P2).
Let ¢;(-) be a measurable function on X satisfying (Q1) and (Q2) and let ¢o(+) be
a measurable function on X satisfying (Q1). Then

O(x,t) = "™ (log(e + 1))@ (log(e + 1/t))2®
satisfies (®1), (92), (3), (®4) and (P5).

In view of (2.2), given ®(x,t) as above, the associated Musielak-Orlicz space

100 = {1 € 1005 [ (70 duty) < oo}

is a Banach space with respect to the norm

vy = inf {3 05 [ B/ duto) < 1]

(cf. [37]).
We also consider a function x(x,r) : X x (0,dx] — (0,00) satisfying the fol-
lowing conditions:

(k1) k(z,-) is measurable for each x € X;

(k2) k(x,-) is uniformly almost increasing on (0, dx], namely there exists a con-
stant (J; > 1 such that

K(z,r) < Qik(w,s)

for all x € X whenever 0 < r < s < dx;

(k3) there are constants Q > 0 and @2 > 1 such that
Qz ' min(1, r9) < w(z,7) < Q2

forallz € X and 0 < r < dx.



EXAMPLE 2.3. For @ > 0, let v(-) and f;(-), j = 1,...k be measurable functions
on X such that inf,ex v(z) > 0, sup,ex v(z) < Q and —c(Q — v(x)) < Bi(x) < ¢
forall z € X, j =1,...,k and some constant ¢ > 0. Then

k
H L(J (1/r)) Bj(z)
7j=1

satisfies (k1), (k2) and (k3).
For a locally integrable function f on X, define the L®" norm

K(z,T)

onxy =Inf S A > 0: su —/ Dy, A)d Sl}.
Flowe = int {300 s BB [ 1)) duty

See (2.1) for the definition of ®. Let L®"(X) denote the set of all functions f such
that || f]|pe.xx) < oo (cf. [38]), which we call a Musielak-Orlicz-Morrey space. Note
that L®*(X) = L®(X) if u(B(z,r)) ~ k(z,r) forallz € X and 0 < r < dy. (Here
hi(z,s) ~ hy(z,s) means that C~'hy(z,s) < hi(z,s) < Chy(z,s) for a constant
C>0.)

3 Lemmas for Musielak-Orlicz-Morrey spaces

Set
Oz, s) =sup{t > 0; ®(z,t) < s}

for x € X and s > 0.
LEMMA 3.1 ([19, Lemma 5.1]). ®~!(z,-) is non-decreasing;
Oz, As) < AN H(x, 5) (3.1)

forallz € X, s >0 and A > 1 and

min < 1, e O (z,5) < max{l, A;Ays} (3.2)
Ay Ay

for all z € X and s > 0, where A; and A, are the constants appearing in ($2) and
(®3).
LEMMA 3.2. There exists a constant C' > 0 such that

C'<d Mo, m(x,r)™) <Cr @ (3.3)
forallz € X and 0 <r < dx.

Proof. By (k3),
Qy" < w(z,1)™ < Qumax(1,r79)

for x € X and 0 < r < dx. Hence, by (3.2), we obtain (3.3). O

As in [19, Lemma 5.3], we can prove the following result.
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LEMMA 3.3 (cf. [19, Lemma 5.3] ). Assume that ®(x,t) satisfies ($5). Then there
exists a constant C' > 0 such that

/XﬂB( )f(y) du(y) < Cu(B(z,r)) @~ (z, k(z,r)7")

forallz € X, 0 <r <dx and f > 0 satisfying || f||pe.xx) < 1.

For a > 0, we define the Riesz potential of order a for a locally integrable
function f on X by

B d(z,y)*f(y)
L@ = [ it o )

(e.g. see [15]).
Set

ax af—1 -1 dp
F(I,S) = p ¢ (%,H(I,p) ) DS
1/s P

for s > 2/dx and v € X. For 0 < s < 2/dx and x € X, we set ['(z,s) =
['(x,2/dx)(dx/2)s. Then note that I'(z, -) is strictly increasing and continuous for
each z € X.

LEMMA 3.4 (cf. [20, Lemma 3.5] ). There exists a positive constant C' such that
['(z,2/dx) > C"> 0 for all x € X.

LEMMA 3.5. Assume that ®(x,t) satisfies ($5). Then there exists a constant C' > 0

such that d( )‘”‘f( ) .
z,y) fly 1
/X\BM a(Ba, iz, y)) P = (x 5)

for all x € X, 0 < 6 < dx /2 and nonnegative f € L**(X) with || f||zox(x) < 1.

Proof. Let jy be the smallest positive integer such that 2§ > dyx. By Lemma 3.3,
we have

d(z,y)*f(y)
/X\B@ o 1Bl d(x,y)) )

_ d(z,y)*f(y)
B Z /)m (2,20 5)\B(z,21-16)) pw(B(z,d(x,y))) auly)

Jo o 1
< ;(2 o) w(B(z,29-15)) /}mB(x’ya)f(y) du(y)
- COZ @ B(z, 2j5)) /XmB( m)f(y) dnly)
= ¢ <Z<2j6) N, k(z,270)7Y) + d3 @ Nz, k2, dx)” )) .



By (k2) and (3.1), we have

/ 207 (o, (. 1)) T 2 (20716)°07 (2, Q7 k(x, 270) ) log 2
J—1§

(2/6)° log 2

> agg, ¥ (@A, 20)7) = @) e (. Az, 270)7)

and

V

dx dt d$ log 2
t*d Yz, k(x,t)7 ) — X Oz, k(x,dx)™?
[ et DG 2 G st d) )

= Cd%® Yz, k(x,dx)™h).

Hence, we obtain

d(x,y)*f(y)
/X\B@ ) 1Bl d(x,g)) )

oy 2 dt [ dt
< Z/J I(Sta(I) z, k(r,t) ) — ; —i—/d t“@’l(x,ri(x,t)’l)T

x/2
1
< r -
< C (x,5>,

as required

LEMMA 3.6. Assume that ®(x,t) satisfies ($5). Let ¢ > 0 and define
1

)\E Y =
(27) -

dx p
14 / F(z, m(z p) 1) 2L
r 1Y

for z € X. Then there exists a constant Cr. > 0 such that

Ae(z, 1)
w(B(z,r))

forall z€ X, 0 <r <dx and f > 0 satisfying || f||ze.xx) < 1.

/ I.f(x) du(z) < Cy.
XNB(z,r)

Proof. Let z € X. Write

_ d(z,y)* f(y) d(z,y)* f(y)
Lfle) = /m(z,m a(B(w, iz, y)) MY /X\B@,m) (B, diz,y)) Y
L(z) + I(x)




for x € X. By Fubini’s theorem,

/ o B ()

- d(z,y)° N
a /XQB(Z% (/mBH Blr.d(x.9))) dp( )) f(y) du(y)
d(z,y)°
S /XQB(Z 2r) (/ B(y,3r) (.CE d(l’, y))) d#(f)) f(y) d:u(y)
d(z,y)°
S /}(ﬂB(z 2r) ( N(B(y,2=3+2r)\ B(y,2-i+1r)) M(B<x,d(l‘,y))) dﬂ(l')) f(y) d;u(y)

< / Z/ (27 7+2p)e o)) o)
- — U\ T y)auly).
XNB(z,2r) =0 XN(B(y,2=3+2r)\ B(y,2=3+1r)) ,U(B(l', 2 .7+1/r=))

Since p is a doubling measure, we have

/ 1(z) du(z)
XNB(z,r)

= 62/ Z / G ) | £ ) du)
- XNB(z,2r) XN(B(y,2-3+2r)\B(y,2-7+1r)) p(B(z,279%3r))
> 27 F2y)E
< ¢ / / ( : du(z) | f(y) duly
0 XNB(z2r) \ 2o / XN(B(y,277+2r)\B(y,277%1r)) p(B(y,2792r)) (=) (v) diuty)
</ Z<2-f'+2r>f> £(y) du(y)
XNB(z,2r) =0
_ <027 dt
< 08/ Z/ =) fy) duly)
XNDB(z,2r) =0 2=i—1p
dt
<cf ([ e i)
XNB(z,2r) 0
C

- S [ ) duty)
€ XNB(z,2r)
Now, by Lemma 3.3, (k2) and (3.1), we have

ra/ f(y)dy < Crep(B(z,2r)® (2, k(z,2r) 1)
XNDB(z,2r)

< Cu(B(z,2r)) / Tp6¢-1<z,n<z7p>-1>d—p”

if 0 <r < dx/2 and, by Lemma 3.3 and (3.3), we have
e twdy=r [ fwdy
XNB(z,2r) B(z,dx)
< Cdxu(B(z, dx))® (2, 52, dx) 1) < Cu(B(z,7))
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if dx/2 <r <dx. Therefore

for all 0 < r < dx.
For I, first note that Iy(z) =0if 2z € X and r > dx /2. Let 0 < r < dx /2. Let
jo be the smallest positive integer such that 2707 > dy. Since

d(z,9)°f(y)
L(z) < C/X\B(M) w(B(z,d(z,9)))

by Lemma 3.3, we have

du(y) for =€ XNB(z,r),

g d(z,y)°
Bl < C;/B@,M\Mm WBCd g A

jo-l .
C j+1 e~ ;
< ;(2 r) 1(B(z, 2ir)) /Xmbmr)f(y) 1(y)

jo—1
1

j+17“ e A
< Cjzl@ ) W(B(z,211) /XOB(z,QJ'-Hr)f(y) dyi(y)

= <Z_(2j+1r)€q>—1(x7 k@, 27 0r) ) + d @7 (w, /i(x,dx)_l)> :

J=1

As in the proof of Lemma 3.5, we obtain

Jo—2 2i+1, d
dp Xl 1y dp
Liz) < (Z/ (2 5, p) ) L +/ O (2, k(2. p) 1)—)
P dx /2 P
dx d
< C/ (2,k(z,p)7 1) &
P
A (z T)
for all z € X N B(z,r). Hence
u(B(z,r))
Li(z)dp(x) < C——"222.
/XﬂB(z,r) 2< ) M( )_ )\E<Z>T)
Thus this lemma is proved. O

4 Trudinger’s inequality for Musielak-Orlicz-Morrey
spaces
In this section, we deal with the case I'(x, t) satisfies the uniform log-type condition:
(Iog) there exists a constant ¢ > 0 such that
[(z,t%) < crl(w,t)
forall x € X and t > 1.
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EXAMPLE 4.1. Let ® and & be as in Examples 2.1 and 2.3, respectively. Then

dx k

2 d

F(l’,t) N/ a—v(z)/p(x | | L(] 1/ (2)+8j(x))/p(z) AP (t > 2/dX)7
1/t =1 p

so that it satisfies (I'iog) if and only if
ap(z) > v(x) for all x € X.

By (I'og), together with Lemma 3.4, we see that I'(z,t) satisfies the uniform
doubling condition in t:

LEMMA 4.2 (cf. [20, Lemma 4.2] ). Suppose I'(x,t) satisfies (I'iog). For every
a > 1, there exists b > 0 such that I'(z,at) < bI'(z,t) for all x € X and t > 0.

THEOREM 4.3. Assume that ®(x,t) satisfies ($5), I'(x,t) satisfies (I'iog). For each
x € X, let y(x) = supy.o I'(z,s). Suppose ¥(z,t) : X x [0,00) — [0, 00] satisfies
the following conditions:

(U1) W(-,t) is measurable on X for eacht € [0,00); ¥(z,-) is continuous on [0, c0)
for each x € X;

(U2) there is a constant A} > 1 such that V(z,t) < W(x, Als) for all v € X
whenever 0 < t < s;

(U3) U(x,(x,t)/A,) < At for all v € X and t > 0 with constants A}, Ay > 1
independent of x.

Then, for 0 < € < «, there exists a constant C* > 0 such that I, f(x)/C* < ~v(x)
for a.e. x € X and

T ¥ (226 o) 51

forall z € X, 0 <r <dx and f > 0 satisfying || f|[ze.xx) < 1.

Proof. Let f > 0 and || f||pexx) < 1. Fix z € X. For 0 < § < dx /2, Lemma 3.5
implies

d(z, y)*f(y 1
lof (9’“”</X03<M W(B(z, d(x,y)) W T (5)

) e @y f) 1
- /mw ) B, dia, ) Y *CF( ’6)

< C{éas[ef@) +T (x, %)

with constants C' > 0 independent of x.
If I. f(z) < 2/dx, then we take 6 = dx /2. Then, by Lemma 3.4

2
I.f(z) < CT (m @) |
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By Lemma 4.2, there exists C} > 0 independent of z such that

I,.f(x) < C{T (m, L,) if I.f(x) <2/dx. (4.1)
2A%

Next, suppose 2/dx < IL.f(z) < oco. Let m = supsy/qy wex (7, 8)/s. By
(Iog), m < co. Define 0 by

§o=e = U(x, I f(x)) (I f(z) ™"

Since I'(x, I f(z)) (L f(x)) "t < m, 0 < 6 < dx/2. Then by Lemma 3.4

(dx/2)**

L < O, L f (@)L ()
< COT (@, 2/dx )OI f () V@) < O(L f ()2,

Hence, using (I'jog) and Lemma 4.2, we obtain

[ (5) < T CULA@) ) < T L)

By Lemma 4.2 again, we see that there exists a constant C5 > 0 independent of x
such that

I.f(x) < C5T <x !

1207 Al

where Cj is the constant given in Lemma 3.6.
Now, let C* = A A, max(C}, C5). Then, by (4.1) and (4.2),

Lfx) 1 | 1
< = -
o S A {F (x 2Ag> T <“" 20, A< (‘”))}

whenever I, f(z) < oco. Since I, f(z) < oo for a.e. x € X by Lemma 3.6, I, f(z)/C* <
v(z) a.e. x € X, and by (V2) and (¥3), we have

" (m Iaf(fﬂ))
T
< max {\If (x,r ( o > /A’) (m,F (m mlaf(@) /A’z>}

1 1

+20u[ﬂ@

Isf(:c)) if 2/dx < I.f(x) < o0, (4.2)

for a.e. x € X. Thus, noting that \.(z,7) < 1 and using Lemma 3.6, we have

(
i) Lo, ¥ (276 o

1 1 A(z,r) /
—Ae I f(x)du(x
2 (o) + 201 w(B(2,7)) JxnB(am) (@) du(z)
1 1
< 4-=1
2 2
forall z € X and 0 < r <dx. O
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REMARK 4.4. If I'(x, s) is bounded, that is,

dx
sup/ prdt (x, /-ﬁ(:c,p)_l) dp < o0,
zeX Jo

then by Lemma 3.5 we see that I,|f| is bounded for every f € L®"(X).

REMARK 4.5. We can not take ¢ = « in Theorem 4.3. For details, see [23, Remark
2.8].

As in the proof of [20, Corollary 4.6], we obtain the following corollary applying
Theorem 4.3 to special ® and x given in Examples 2.1 and 2.3.

COROLLARY 4.6. Let ® and k be as in Examples 2.1 and 2.3.
Assume that

a—v(z)/p(x) =0 for all v € X.

(1) Suppose there exists an integer 1 < jo < k such that

inf (p(z) — gjo(x) — Bjy(z)) >0

zeX

and

sup(p(z) — g;(z) — B;(z)) <0

zeX

for all j < jo — 1 in case jo > 2. Then for 0 < ¢ < « there exist constants C* > 0
and C** > ( such that

v(z)/p(z)—¢ I, p(z)/(p(x)—qjo (x)—Bjo (2))
L ()
|B(Za 7a)l XNB(z,r) C

k—jo (2) (@Go+5 (@) FBig+5 () / (p(2) =5y () =By ()
e (42)

forall ze€ X,0<r <dx and f >0 sat1sfy1ng HfHL@n vy < 1, where EW(t) =
et —e, BUtY(t) = exp(E’(t)) — e and EJr (t) = max(EY)(t),0).
(2) If

sup(p(z) — ¢;(x) — B;(x)) <0

zeX

for all j = 1,...,k, then for 0 < € < « there exist constants C* > 0 and C** > 0

such that
(=) fp(x)—e

P/ o (Inf @ >) )
BE Jeosen s ( o) n =¢

forall z€ X, 0 <r <dx and f > 0 satisfying || f|[ze.xx) < 1.
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5 Continuity for Musielak-Orlicz-Morrey spaces

In this section, we discuss the continuity of Riesz potentials I, f of functions in
Musielak-Orlicz-Morrey spaces under the condition: there are constants # > 0 and
Cy > 0 such that

whenever d(z, z) < d(z,y)/2.
We consider the functions

and
0 ax —05—1 _1y dp
wg(ZL‘,T) =r / pa o (I,Iﬁ(.ﬁ(],p) ) ?
for 8 >0and 0 <r <dy.

LEMMA 5.1 (cf. [20, Lemma 5.1] ). Let £ C X. If w(z,r) — 0 asr — 0+
uniformly in x € E, then wy(z,7) — 0 as r — 0+ uniformly in z € E.

LEMMA 5.2 (cf. [20, Lemma 5.2] ). There exists a constant C' > 0 such that
w(zx,2r) < Cw(x,r)
forallz € X and 0 < r < dx/2.

THEOREM 5.3. Assume that ®(z,t) satisfies (95). Then there exists a constant
C > 0 such that

L f(2) — L ()] < Clle, d(x, 2)) + w(z, d(z, 2)) + wo(z, d(x, 2))}

forallz, z € X withd(z, z) < dx /4 and nonnegative f € L*"(X) with || f|| pa.(x) <
1.

Before giving a proof of Theorem 5.3, we prepare two more lemmas.

LEMMA 5.4. Assume that ®(z,t) satisfies ($5). Let f be a nonnegative function
on X such that | f|| e.xx) < 1. Then there exists a constant C' > 0 such that

d(z,y)" f(y)
/XmB(gc,(s) w(B(x,d(z,y))) dp(y) < Cw(z,9)

forallz € X and 0 < § < dx.
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Proof. Let f be a nonnegative y-measurable function on X with || f|[ze.xx) < 1.
As usual we start by decomposing B(x, ) dyadically:

d(z,y)*f(y)
/XﬂB(a: 5) W(B(z,d(z,y))) dp(y)

B d(z, y)*f(y)
B Z /Xﬁ(B(z2 i+15)\B(z,2-96)) w(B(z,d(x,y))) auly)

< ;(Qﬁld)am /B L

> ) 1
—7+1 0\«
< @ Lo St

By Lemma 3.3, we have

d(z,y)"f(y) N it eva e g
/xmm H(Ba,dC, ) O S O 27T @l 27O
’ ag—1 1 dp
< C/O p* @ (z, k(z, p) ))?
= Cw(z,0).

The following lemma can be proved on the same manner as Lemma 3.5.

LEMMA 5.5. Assume that ®(x,t) satisfies (P5). Let 6 € R. Let f be a nonnegative
function on X such that || f| exx)y < 1. Then there exists a constant C' > 0 such
that

d(z,y)* " f(y) 0
/X\B(x 5y W(B(z,d(z,y))) dp(y) < Co wy(x,6)

forallz € X and 0 < § < dx/2.

Proof of Theorem 5.3. Let f be a nonnegative p-measurable function on X with
[fllpen(xy <1 and z, 2 € X with d(z, z) < dx /4. Write

1) — 1f(2)
_ d(z, y)*f(y) 3 d(z,y)*f ()
- /X» n(B(r. d<x y>>> duly /XQB@,W@) (B d(z,y)) MY

)* d(z,y)*
X\B 22d(z,)) \M(B(z, d (x,y) ) (B(Z,d(z,y)))) f(y) du(y).

Using Lemmas 5.2 and 5.4, we have

f()
(z,9)))

d(x’y;a du(y) < Cw(x,2d(x, 2)) < Cow(w,d(x, 2))

/XﬁB(ac,Zd(x,z)) w(B(z,

15



and

d(z,y)*f(y)

/XﬂB(x,Zd(x,z)) w(B(z,d(z,y))) dp(y)

IN

d(z,y)*f(y)
L sty HBC T )
< Cw(z,3d(z,2)) < Cw(z,d(z, 2)).

On the other hand, by (5.1) and Lemma 5.5, we have

dlz,y)*  d(zy)*
[ S e s e EX R
6 d(z,y)*°f(y)
< Cdlz,2) /X\B(:c72d(x,z)) w(B(z,d(z,y))) 4(y)
< Cwp(z,2d(z, 2)) < Cwy(z,d(z, 2)).
Then we have the conclusion. O

In view of Lemma 5.1, we obtain the following corollary.
COROLLARY 5.6. Assume that ®(z,t) satisfies (95).

(a) Let zy € X and suppose w(z,r) — 0 asr — 0+ uniformly inx € XNB(xg,0)
for some 6 > 0. Then I, f is continuous at x, for every f € L**(X).

(b) Suppose w(x,r) — 0 as r — 0+ uniformly in x € X. Then I, f is uniformly
continuous on X for every f € L®*(X).

6 Lemmas for Musielak-Orlicz spaces

For a measurable function Q(-) satisfying

0<Q = inf Q(x) <supQ(r) =: Q" < o0, (6.1)
zeX zeX
we say that a measure p is lower Ahlfors Q(z)-regular if there exists a constant
c1 > 0 such that

w(B(z,7)) > ¢179®

for all x € X and 0 < r < dx. Recall that we say that the measure p is a doubling
measure if there exists a constant cq > 0 such that p(B(z,2r)) < cou(B(x,r)) for
every x € X and 0 < r < dx. Here note that if p is a doubling measure and
dx < o0, then p is lower Ahlfors log, co-regular since

forall z € X and 0 < r < dx (see e.g. [4, Lemma 3.3]).
For a locally integrable function f on X, the Hardy-Littlewood maximal func-

tion M f is defined by

1
Mfw) =swp s [ 1wty

As in the proof of [19, Theorem 4.1], we can show the following boundedness
of maximal operator on L*(X).
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LEMMA 6.1 (c.f. [19, Theorem 4.1}). Suppose that ®(z,t) satisties ($5) and further
assume:

(P3*) t +— t==0¢(x,t) is uniformly almost increasing on (0, 00) for some gy > 0.

Then the maximal operator M is bounded from L®(X) into itself, namely, there
is a constant C' > 0 such that

[ M fllLexy < Cll fllzex)
for all f € L*(X).
We consider the function
v(z,t) : X x (0,dx) — (0, 00)
satisfying the following conditions:

(v1) ~(-,t) is measurable on X for each 0 < t < dx and ~(z, - ) is continuous on
(0,dx) for each z € X

(72) there exist constants vy > 0 and By > 1 such that

By' <v(z,t) < Bet™™ forallz € X whenever 0 < t < dy.

(v3) there exists a constant B; > 1 such that

Bi'y(x,s) < y(x,t) < Biy(r,s) forallz € X and 1 <t/s <2.

Further we consider the function
T(z,t): X x [0,00) = [0, 00)
satisfying the following conditions (I'1), (I'2) and (I'3):

(I'1) T(-,t)is measurable on X for each ¢ > 0 and I'(z, - ) is continuous on [0, 0c)
for each x € X

(I'2) TI(x,-) is uniformly almost increasing, namely there exists a constant By > 1
such that

[(z,t) < BI'(z,s) forallz € X whenever 0 <t <s;

(I'3) For a measurable function Q(-) satisfying (6.1), there exist constants ag >
0,B3 > 1 and B4 > 1 such that

1790 (0, (2, 4)) " < By(ar, 1/1)

for all x € X and o > «ag whenever 0 < t < dx and
dx d ~
/ Py, p) L < BT (x,1/1)
t P
forallz € X,0 <t <dx/2and o > .
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EXAMPLE 6.2. Let ® be as in Example 2.1.
(1) Suppose there exists an integer 1 < jo < k such that

inf (p(z) = gjo () = 1) > 0

zeX

and
sup(p(x) — gj(z) — 1) <0

zeX

for all 7 < j9 — 1 in case j9 > 2. set

v(z,t) =t @@ )/p(x) (Jﬁ [ij)(l/t)]_1> [L(]O)(l/t)] (gjo (2)+1)/p(z) ( H [Lfﬁ)(l/t)] q;(x)/p(z )>
j=1 Jj=jo+1

and

k
f(x,t) = [Léjo)(t)](p(x)—qm(w)—l)/p(x) ( H [L((ij)(t)]—%(x)/p(w)) )

Jj=jo+1

Then ~(z, t) satisfies (v1), (y2) and (3) and I'(z,t) satisfies (I'1), (I'2) and (I'3)
for all « > Q1 /p~.

(2) Suppose that

forall j=1,...,k. set
V(e t) = ¢ (H L9/ ) (LI o)) )
7=1

and B
L(x,t) = [LED(1/8)] 1P,

Then ~(x,t) satisfies (1), (72) and (y3) and I'(z,t) satisfies (I'1), (I'2) and (I'3)
for all a > Q%1 /p~.

In fact, see the proof of [39, Corollary 4.2].

LEMMA 6.3. Assume that p is lower Ahlfors Q(z)-regular. Suppose that ®(z,t)
satisfies (®5). Let o > . Then there exists a constant C' > 0 such that

d(z,y)*f(y) (.1
/X\B(x@ W(Ba, d(x,y)) W =T (‘” 6)

for all z € X, 0 < 6 < dx/2 and nonnegative f € L*(X) with || f||pex) < 1.

Proof. Let f be a nonnegative y-measurable function on X with || f[[zex) < 1.
Let jo be the smallest integer j, such that 270§ > dx. Since

Byt < y(x,d(z,y)) < Bod(z,y) "
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in view of (72), we have
d(a,y) < By (Boy(a, d(x.y)) /"
Hence, by (®3), ($4) and (P5), we obtain

oy, y(x, d(z,9)))"" < B'¢(z,y(x,d(x,y)) "
with some constant B’ > 0. By (v3), (#3), (I'2) and (I'3), we have

dw.y)* ()

/X\Bm (B, d, y)) MY
(e, y)*y (. d(x, )

/X\B(x,) w(B ) Aply)

(2, d(z, 1))
. f(y) o, f)
fAZ/X\BW) (B, d(z,y)) 6(y, 7 (x, d(z,v)))
)"

S d(z,y)*y(x,d(z, y))
Z/B(x,md)\B(xza—l(s) w(B(z,d(z,y))) 4(y)

Jj=1

ey AyB / A, y)* 9D (e, (. dx, 1)) By, (1) duly)

X\B(z,0)

IN

Y

du(y)

IA

Jo
) . 1
2°B 20718) (e, 29716 / . dp(y
12( el ) B(x,208)\B(z,29~16) p(B(x,27716)) #ly)

Jj=1

IN

eyt Ay ByBy BT (2, 1/0) / By, £(y)) duly)

X\B(z,9)
Jo ‘ ' _
2a02B1 Z(2j_15)a’y(l’, 2]_15) + CEIAQBQB;;B,F(.T, 1/5)

J=1

IN

Since

dx d Jjo 275 d ] 2]0 1 ' '
o 1% a P og —1 0\« -1
p*y(z,p) — = / p*v(z,p) — = 22750) y(x, 27770
/5 (=) p Z 2i-15 (@) p By ]Zl( A )

and

d

dX dX
o P « dp 10g2 1 jo—1
p’w,p)—z/ p*y(x,p) — = 200715) y(x, 270716),
/5 ( p i ( )p 2C,éBl( )*( )

we have '
jo d
j— « j— Bl « X o dp
D (@) (,2710) < (2 +1)/ p*y(x, p) —
= 0g b P
Hence, we obtain

d(z,y)*f(y)
/X\B@,a) W(B(e, i, ) Y

dx d ~
< (log2)~'2*(2* + 1)czBf/ p“y(x, p) ?p + ¢y A By B3 B'T (2, 1/6)
0

< (log2)7'2%(2% + 1)y B2 BT (1, 1/6) + ¢ ' Ay By Bs B'T (2, 1/6)
= ((log2)7'2%(2% + 1)c3 BBy + ¢ ' A3 By Bs B\ (2, 1/6),
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as required. O

LEMMA 6.4 (cf. [39, Lemma 3.3]). Let o > «ap. Then there exists a constant

C" > 0 such that I'(x,2/dx) > C' for all x € X.

LEMMA 6.5 (cf. [39, Lemma 3.4]). Suppose I'(z,t) satisfies the uniform log-type
condition:

(flog) there exists a constant cr > 0 such that
' T(x,t) < D(x,1?) < erl(x, 1)
for all x € X and t > 0.

Then, for every a > 1, there exists b > 0 such that I'(z, at) < bI'(x,t) for all z € X
and t > 0.

7 Trudinger’s inequality for Musielak-Orlicz spaces

THEOREM 7.1. Suppose that u is lower Ahlfors Q(x)-regular. Assume that ®(z,t)
satisfies (®5) and (®3*). Further, assume that I'(z,t) satisfies (flog). For each
z € X, let F(z) = sup, o I'(z,s). Suppose U(z,t) : X x [0,00) — [0, 00] satisfies
the following conditions:

(U1) W(-,¢) is measurable on X for each t € [0,00) and W(x,-) is continuous on
[0, 00) for each = € X;

(U2) there is a constant Bs > 1 such that U(x,t) < U(x, Bss) for all z € X
whenever 0 < t < s;

(@3) there are constants Bg, By > 1 and ty > 0 such that \Tf(x, f(x, t)/Bg) < Bt
for all x € X and t > t.

Then there exist constants ¢y, co > 0 such that I, f(z)/c1 <7(z) for p-a.e. v € X

and /X 3 (m Iai”l(x)) du(z) < ¢

for all ov > ayg and nonnegative functions f € L*(X) satisfying || f||zo(x) < 1.

Proof. Let f be a nonnegative p-measurable function on X with || f|[ ex) < 1.
Note from Lemma 6.1 that

/XMf(x) dp(z) < p(X) + AlAz/ Oz, M f(2)) du(z) < Cu. (71)

X

Fix z € X. For 0 < ¢ < dx/2, Lemma 6.3 implies

B d(z,y)*f(y) d(z,y)* f(y)
lofl@) = /B(I,@ W(Be, dw,y))) MO /X\Bw W(B(e, d(w, ) V)

<C {5O‘Mf(x) +T (x %) }
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with a constant C' > 0 independent of x.
If Mf(x) <2/dx, then we take 0 = dx /2. Then, by Lemma 6.4

2
If(z) < CF( )
"dx
By Lemma 6.5 and (I'2), there exists C} > 0 independent of = such that
Lf(x) < CT (x,t0)  if Mf(z) < 2/dx. (7.2)

Next, suppose 2/dx < Mf(z) < oco. Let m = Supey/4, sex I'(z,s)/s. By
(flog), m < 0o. Define ¢ by

5o (dxn/f)

L, M f(2))(Mf(x))™"

Since I'(z, M f(z))(M f(z))™* <m, 0 < < dx/2. Then by Lemma 6.4 and (I'2)

1 1/ _

5= gl (M) M)

1/a

S A2

By/°T(x,2/dx) V(M f(z))Y* < C(M f(x))"/°.

Hence, using (I'2), (flog) and Lemma 6.5, we obtain

r (x,%) < Byl (w C(Mf(z))"*) < CT(z, M f(z)).

By Lemma 6.5 again, we see from (I'2) that there exists a constant Cj > 0 inde-
pendent of x such that

I.f(z) < CiT (x %Mf(x)) if 2/dx < Mf(z) < oo. (7.3)

Now, let ¢; = B;Bg max(Cy, C5). Then, by (7.2) and (7.3),

L) e {rio 1 (50

whenever M f(z) < oo. Since M f(z) < oo for p-a.e. z € X by Lemma 6.1,
I.f(x)/er <7(x) prae. x € X, and by (V2) and (¥3), we have

(o 0
< max {\Tj (x’f (o) /B6> U (m,f (x, to;ix Mf(x)) /BG)}

Brlod yr ()

< Bty +
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for p-a.e. x € X. Thus, we have by (7.1)

/ U <x, ]af(x)> du(z) < Brtou(X) + Brtodx / M f(x)du(x)
X C1 2 X
S B7t0,u(X) + w = C3.

O

We obtain the following corollary applying Theorem 7.1 to special ® given in
Example 2.1,

COROLLARY 7.2. Let ® be as in Example 2.1. Asuume that u is lower Ahlfors
Q(x)-regular.
(1) Suppose there exists an integer 1 < jo < k such that

inf (p(w) = gjo() = 1) > 0 (7.4)
and
Sgg(p(x) —qj(z) =1) <0 (7.5)

for all 7 < jo — 1 in case jo > 2. Then there exist constants ¢y, cy > 0 such that

x T)—qj,(z)—1
/ E(jo)<(laf(a:))p< )/ (p(@) =g (2)-1)
+
X C1

k—jo 2o+ (2)/ (p(z)—gqj4 (2)—1)
. ]a JoTJ J0
10 <Lg> (—f @)) ) du(x) < e
C
j=1

1

for all o« > Q" /p~ and nonnegative functions f € L*(X) satisfying || f||r»x) < 1.
(2) If

Sg}g(p(x) —gj(r) —1) <0

for all j =1,...,k, then there exist constants cy,co > 0 such that

I p(x)/(p(x)—1)
/ F(E+D) ((M) du(z) < ¢
X €1

for all o > Q" /p~ and nonnegative functions f € L*(X) satisfying || f||r»x) < 1.

8 Continuity for Musielak-Orlicz spaces

For a measurable function Q(-) satsfying (6.1), we consider the functions

&(@,7) =/ p“<1>‘1(rc,p‘Q($))%
0
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and .
~ X _on @
we(xﬂ“)zre/ Pl (a, p ));p
ford >0and 0 <r <dy.
As in the proof of Theorem 5.3, we can obtain the continuity of Riesz potentials

I, f of functions in Musielak-Orlicz spaces under the condition (5.1).

THEOREM 8.1. Asuume that p is lower Ahlfors Q(x)-regular. Suppose that ®(z,t)
satisfies (®5). Suppose that (5.1) holds. Then there exists a constant C' > 0 such
that

I f(x) — I.f(2)| < C{o(z,d(x, 2)) + w(z,d(x, 2)) + we(x,d(x, 2)) }

for all x,z € X with 0 < d(x,2) < dx/2 whenever f € L®(X) is a nonnegative
function on X satistying || f|[pex) < 1.

COROLLARY 8.2. Asuume that p is lower Ahlfors Q(x)-regular. Suppose that
O (x,t) satisties (P5). Suppose that (5.1) holds.

(a) Let zg € X and suppose w(x,r) — 0 asr — 0+ uniformly in x € B(xo,d)NX
for some § > 0. Then I, f is continuous at xq for every f € L*(X).

(b) Suppose w(x,r) — 0 as r — 0+ uniformly in « € X. Then I, f is uniformly
continuous on X for every f € L*(X).
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